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INTRODUCTION. 

Mechanical  Science  is  that  in  which  the  laws  of  forces,  and 
the  effects  they  produce  on  bodies,  are  investigated. 

It  is  subdivided    into    four   Sciences — Statics,    Dynamics, 
Hydrostatics,  and  Hydrodynamics. 

In  Statics  the  effects  of  forces  on  solid  bodies  at  rest  are 
examined. 

In  Dynamics  the  effects  when  motion  is  produced. 

In  Hydrostatics  the  effects  of  .forces  on  fluid  bodies  at  rest 
are  considered. 

In  Hydrodynamics  the  effects  on  fluid  bodies  when  motion 
ensues. 

In  the  present  treatise,  Elementary  Maucs  and  Ihiiainirs 
only,  arc  treated  of. 

The  mass  of  a  body  is  the  quantity  of  matter  which  it  con- 
tains ;  and  matter  is  defined  to  be,  whatever  jKissesscs  bulk  and 
affords  resistance  to  the  occupation  of  the  same  portion  of  space 
by  other  matter. 

We  are  ignorant  of  the  ultimate  nature  of  matter,  but  wo 
know  that  dense  matter  consists  of  atoms,*  which  have  each  their 

*  Sec  Dr.  Daulien^*  on  tho  Atomic  Theory. 
B 
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pecuKar  masses  coDstant  and   unchangeable  by  any  mechanical 
or  chemical  means  within  our  reach. 

The  term  sultile  matter  has  been  applied  to  the  agents  which 
cause  the  phenomena  of  electricity,  heat,  &c. 

Though  evidently  closely  connected  with  the  development  of 
forces,  we  as  yet  only  know  some  of  the  properties  and  laws 
of  the  effects  of  these  agents  upon  dense  matter.  Whenever 
the  term  matter  is  used  in  Mechanics,  it  is  understood  to  mean 
what  is  called  above  dense  matter.  The  quantity  of  matter  in  a 
body  is  measured  by  its  inaptitude  to  receive  motion  {inertia) 
when  acted  on  by  a  given  force  ;  and  is  proportional  to  the 
weight  at  the  same  place  on  the  Earth's  surface.  So  that  a 
body  of  two,  three,  &c.  pounds  weight  contains  twice,  thrice,  &c. 
respectively  the  matter  that  a  body  of  one  pound  does. 

We  define  force  to  be,  whatever  causes  or  tends  to  cause 
motion,  or  change  of  motion  in  bodies.  We  see  force  acting 
continually  around  us,  and  developed  by  various  means,  though 
we  cannot,  trace  it  to  its  ultimate  origin.  We  measure  forces 
by  their  effects,  and  in  Statics  they  are  often  called  press^^res  ; 
being  compared  with  the  pressures  produced  by  known  weights', 
they  can  thus  be  expressed  numerically.  We  speak,  for  in- 
stance, of  a  pressure  of  twelve  ounces,  of  thirty  pounds,  of  two 
tons,  &c.  &c.  when  the  unit  of  measure  is  an  ounce,  a  pound, 
or  a  ton  respectively. 

In  Dynamics,  forces  are  measured  in  two  different  manners 
according  to  the  nature  of  the  problem,--namely,  in  some  cases 
by  the  velocity  generated  in  a  unit  of  time;  and  in  other  cases 
by  the  momentum  (or  velocity  multiplied  intt  the  mass  of  the 
body  moved)  generated  in  a  unit  of  time. 

In  Statics,  we  continually  represent  forces  by  lines  of  definite 
lengths.     A  unit  of  length  being  taken  to  represent  the  unit 
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of  pressure,  the  length  of  the  line  represents  the  magnitude  of 
the  force ;  its  direction  represents  the  direction  of  the  force  ;  and 
the  commencement  or  first  extreme  of  the  line,  the  point  at 
which  the  force  acts,  or  its  point  of  application.  Lines  which 
are  parallel  are  said  to  have  the  same  direction. 

In  order  that  a  statical  force  may  be  known,  its  mayn'Uude, 
direction,  and  point  of  application,  must  he  given. 

The  weiglit  of  bodies,  being  their  gravitation  vertically  down- 
wards, arises  from  the  attraction  of  the  Earth  upon  them,  ac- 
cording to  the  laws  of  universal  gravitation.  These  laws  wc 
shall  have  to  consider  in  the  science  of  Dynamics. 

In  statical  problems  we  have  frequently  other  forces  arising 
from  the  effects  of  the  original  forces,  which  have  to  be  consi- 
dered in  the  same  manner ;  as  the  tension  in  cords,  and  the  re- 
action  in  rods.  Unless  the  contrary  is  stated,  the  cord  is  sup- 
posed without  weight,  perfectly  flexible,  and  to  pass  perfectly 
freely  round  any  object  which  changes  its  direction:  the  force 

pplied  at  one  extremity  must  then  be  transmitted  without  loss 
along  the  whole  length  of  the  cord,  or  the  tension  in  the  cord  is 
the  same  in  every  part.     Unless  the  contrary  is  stated,  the  rods 

re  supposed  to  be  inflexible  and  without  weight;  so  that  a 
straight  rod  transmits  a  force  applied  at  one  extremity  in  the 
direction  of  its  length,  to  the  other  extremity  unchanged ;  thus 
the  reaction  of  the  rod  equals  the  original  force,  and  may  be 

iipposed  to  act  at  any  point  in  it. 

In  other  statical  problems  there  arise  forces  of  a  different 

nature  to  the  original  forces,  and  which  therefore   have  to  be 

nsidercd  differently ;    as  the  friction  which  arises   from  the 

lou^dmcss  of  the  surfaces  of  bodies  in  contact,  and  the  adhetion 

wliidi  arises  when  one  of  the  surfaces  at  least  is  of  an  adhesive 

I'hc  laws  oi  friction  have  been  ascertained,  and  will  be 

1  catcd  of  in  a  distinct  chapter.     The  properties  of  adhesive  sur- 
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faces  are  of  less  theoretical  importance,  and  are  seldom  discussed 
in  treatises  on  Mechanics. 

By  a  particle  of  a  body,  we  mean  a  portion  of  it  whose  di- 
mensions are  smaller  than  any  possible  means  of  measurement. 

By  a  rigid  body,  we  mean  one  in  which  the  relative  positions 
of  its  particles  remain  unchanged. 

In  some  statical  problems  the  properties  of  flexible  and 
elastic  bodies  have  to  be  considered.  In  these  the  relative  posi- 
tions of  the  particles  change  by  the  action  of  the  forces. 
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CHAPl^ER  I. 

ON  FORCES  WHICH  ACT  AT  THE  SAME  POINT. 

1.  A  force  acting  at  any  point  is  balanced  by  an  equal  force 
acttJig  at  the  same  point  in  an  opposite  direction.  It  is  clear 
that  this  must  be  true;  for  whatever  tendency  to  motion  the 
point  might  receive  from  one  of  the  forces,  it  would  receive  an 

qual  and  opposite  tendency  from  the  other;  and  these  would 
neutralise  each  other. 

2.  If  two  forces  be  in  equilibrium  at  a  point,  they  must  be 
equal  in  magnitude  and  opposite  in  direction.  If  possible,  let 
the  forces  P  and  Q',  acting  in  the  ^ 
directions  of  the  arrows,  as  in  the 
figure,  keep  the  point  A  at  rest. 
Let  Q  be  a  force  equal  and  oppo-      q^"^  a  ^ 

ite  to  P;  P  and  Q  will  balance,  "arid  therefore  Q  produces  the 
ime  tendency  to  motion  that  Q',  a  different  force  does,  which 
is  absurd. 

Definition.  Tlie  resultant  of  two  or  more  forces  is  the 
single  force  which  produces  the  same  mechanical  effect  as  the 
forces  themselves ;  which  are  called  the  component  forces. 

3.  When  any  number  of  forces  act  at  a  point  in  the  same 
straight  Vwc,  the  resultant  equals  the  algebraic  sum  of  the  com- 

l^nv rut  forces* 

.  irst,  let  all  the  forces  act  in  the  same  direction,  as  in  the 

.,'ure.     Let  the  line  AB    ^         „  c         d 

•present    the    force    Pj.    , \ 1 1 — ^ -^ ^ 

If  the  point  B  be  rigidly 

onncctcd  with  A,  we  may  suppose  the  force  /\,  to  act  at  B,  and 
It  will  produce  the  same  effect  as  if  it  acted  directly  at  A      T-  ♦ 
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BC  represent  the  magnitude  of  P,.  The  line  AC  represents 
a  force  equivalent  to  P,  and  P,  acting  at  A;  or,  their  resultant 
equals  then-  sum  If  we  had  a  third  force,  P„  represented  by 
CD,  we  should  have  the  resultant  of  P„  A,  and  i>3,  a  force 
represen  ed  hyAD,  their  sum  as  before;  and  so  onwards  for 
any  number  of  forces. 

^nJl^r  =°'"^,.°f  *^f°>-'=««  a^t  in  the  contrary  direction,  we 
must  take  the  Imes  which  represent  their  magnitudes  on  the 
contrary  side  of  ^,  and  subtract  them  from  the  sum  of  the  other 
forces.     Let  i^  be  repre- 
sented by  the  line  AB,  .v  ^      ,  \  ,'  ° 
and  P,  a  force  acting  in  r 
the  opposite  direction,  by  Ab;  we  may  suppose  P'  to  act  at  B 
and  measuring  56' equal  to  Ab,  we  have  AU ,  a  line  representing 
he  resultant  of  P  and^.     So  that,  having  taken  the  sum  of 
the  forces  acting  in  one  direction  and  the  sum  of  those  acting 
m  the  contrary  d  rection,  the  difference  of  these  sums  is  the  re- 
sultan    force,  and  it  acts  in  the  direction  of  the  forces  which 
form  the  larger  sum.     This  is  equivalent  to  calling  the  forces  in 
one  direction  posUwe,  and  those  in  the  contrary  direction  nega- 

reZrt  T  *'''  "'^'^^■■""'=  ^™  ^'''  *e  magnitude  of  [he 
resultant,  and  its  sign  determines  its  direction.  When  the 
resultants  0  the  forces  balance,  and  the  condition  .f  equo" 

aSbraicsr:r°" "  *'^  ""^  ^^™°"'^^  ^^"^ '-'  ^'-*''>- 

y,i£Tl'J'T^^  ^^^  "'1""'  '"^  °PP°^'*^  ^"^"^^^  «'  ^"y  point 
without  affecting  a  system  of  statical  forces:  this  is  called  the 

superpos^t^on  of  equilibrium.     In  the  same  way  we  may  remove 

opposite.  In  finding  the  resultant  of  given  forces,  we  are  said 
to  oupound  them ;  and  when  we  find  the  components  of  a  given 
force,  we  are  said  to  resolve  it  into  its  components. 

THE  PARALLELOGRAM  OF  FORCES. 

m^t  fhTr'  ^^'"^  '""'/'"•<'^*  «<''  ««  a  point,  if  the  parallelogram 
upon  thelnes  representing  them  be  completed,  the  diagonal  from 
thatpotnt  represents  their  resultant  in  magnitude  and  direction. 
First,  to  prove  that  the  diagonal  is  the  direction  of  the  resul- 
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lant.  If  the  forces  are  equal,  as  P,  P  in  the 
figure,  this  is  evidently  true,  for  no  reason 
can  be  assigned  why  it  should  incline  more 
to  one  force  than  the  other,  and  the  diagonal 
bisects  the  angle  A  in  which  the  forces  meet. 

Let  us  assume  that  this  holds  good  for 
forces  p  and  q,  and  79  and  r,  we  shew  that  it 
must  also  be  true  for  a  force  p  and  a  force 
«7  +  r. 


Let  p  and  q  act  at  A, 
as  in  the  figure,  in  the 
directions  AD  and  AB, 
and  be  represented  in 
magnitude  by  these  lines 
respectively.      We    may 

consider  the  force  r  to  be  „  _  *     /5  4 

applied  at  Bj  a   point  in  its  direction;   let  BC  represent  its    T 
magnitude.     Complete  the  parallelogram  ADFC^  and  draw  BE 
parallel  to  AD.     Draw  the  diagonals  AE,  AF,  BF, 


Then,  p  at  ^  in  AD^  and  g  at  J^  in  AB,  are  equivalent  to 
a  force  in  AE  which  we  may  suppose  to  act  at  the  point  E, 
Resolving  it  again,  parallel  to  the  original  directions,  we  have  a 
force;?  acting  at  E,  in  the  direction  BE,  and  a  force  q  acting  at 
E  in  7i^..  We  may  suppose  them  to  act  at  the  points  B  and  F 
in  their  directions;  but  p  at  /^  in  BE,  and  r  at  B  in  BC,  are 
equivalent  to  a  force  in  BF,  Therefore  we  may  suppose  all  the 
forces  to  act  at  the  point  F,  parallel  to  their  original  directions, 
and  F  must  be  a  point  in  tiieir  resultant;  or  force  p.  at  A  in 
^iD,  and  forces  q  and  r  iu  Ap,  have  their  resultant  in  the  direc- 
tion of  the  diagonal  AF. 


Now,  our  assumption  is  true  when  9  and  r  arc  each  equal  to 
P,  therefore  the  proposition  for  the  direction  of  the  resultant  is 
true  for  forces  p  and  2/):  again,  putting  q=z^p,  r=p,  it  is 
true  for  forces/)  aiid  8;),..an^  so  for/)  and  np,-  also,  putting  rtp 
for  p,  and  q=^p,  r^p,  it  is  true  for  nj)  and  2/),  and  so  onwards 
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for  all  commensurable  forces.  We 

see  also  in  the  annexed   figure, 

that  the  resultant  lies  nearer  to 

the  greater  than  the  weaker  force ; 

and  if  one  of  the  two  forces  be  increased,  the  resultant  lies  still 

nearer  to  the  increased  force. 


When  the  forces  are  incommensurable,  the  proposition  still 
holds  good.  Let  the  lines  AB,  AC 
represent  the  incommensurable  forces  : 
complete  the  parallelogram,  and  draw 
the  diagonal  AD;  then  AD  represents 
the-  direction  of  the  resultant.  If  not, 
let  some  other  line,  as  AE,  be  its  di- 
rection. Take  a  quantity  which  di- 
vides AB  without  remainder,  and  being 
applied  to  AC,  leaves  a  remainder  GC 
less  than  ED,  Complete  the  parallelogram  ABFG,  and  draw 
the  diagonal  AF,  Now  AB,  AG,  represent  commensurable 
forces,  and  therefore  their  resultant  is  in  the  direction  AF;  but 
AE,  the  resultant  of  AB  and  greater  force  AC,  is  nearer  AB 
than  the  resultant  of  .^^  and  the  less  force  AG,  which  is  impos- 
sible. Similarly  it  can  be  proved,  that  no  other  direction  than 
AD  can  be  that  of  the  resultant. 

Secondly.  To  prove  that  the  diagonal  of  the  parallelogram 
represents  the  magni- 
tude of  the  resultant 
also,  when  the  sides 
respectively  represent 
the  component  forces. 
Let  P,  Q,  B,  acting  in 
the  directions  of  the 
arrows,  as  in  the  figure, 
keep  the  point  A  at 
rest.  Let  the  lines  AD,  AB,  AF,  represent  respectively  the 
forces.  Complete  the  parallelograms  AC,  AE,  and  draw  the 
diagonals.  The  resultant  of  any  two  of  the  forces  must  be 
.equal  in  magnitude,  and  opposite  in  direction,  to  the  third 
force,  since  there  is  equilibrium:    therefore,   CAF,  BAE,  are 
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straight  lines.  AE  is  parallel  to  CD,  and  AC  is  parallel  to 
DE;  and  ACDE  is  a  parallelogram,  of  which  the  side  AC  is 
equal  to  the  side  DE,  But  DE  hy  construction  is  equal  to 
AF;  therefore  AD  and  AB  representing  the  forces  P  and  Q, 
AC  represents  a  force  equal  in  magnitude  to  the  third  force  Ji, 
and  opposite  in  direction ;  and  thus  represents  the  resultant  of 
P  and  Q  in  magnitude  as  well  as  direction. 

5.  Prop.  If  three  forces  acting  at  a  point  keep  it  in  equili- 
hrium,  and  a  triangle  he  formed  hy  three  lines  drawn  in  their  di~ 
rections,  the  sides  of  the  triangle,  taken  in  order,  will  represent  the 
farces.  Conversely,  if  three  forces  which  act  at  a  j)oint  he  repre- 
sented hy  the  sides  of  a  triangle,  taken  in  order,  they  will  be  in 
equilihrium.     This  proposition  is  called  the  triangle  offerees. 

If  the  three  forces,  P,  Q,  R,  in  equilibrium,  act  at  the 
point  A,  as  in  the  figure, 
the  triangle  ABC,  which 
is  half  the  parallelogram 
formed  on  the  lines  re- 
presenting P  and  Q,  will 
have  its  side  BA  repre- 
senting the  force  i?,  by 
taking  the  sides  in  order, 
IS  shewn  by  the  direction 
of  the  arrows :  for  AB  represents  the  resultant  of  P  and  Q,  when 
taken  in  the  opposite  direction. 


Conversely,  11  tiic  three  forces  were  represented  by  the  sidt's 
of  the  triangle  ylBC  taken  in  order,  wc  might  form  a  parallelo- 
gram with  any  one  of  the  sides,  b  d 
IS  BC,  for  its  diagonal,  and 
tlic  resultant  of  the  other  two 
forces,  represented  by  C<4  and  a 
CD  (or  AB),  would  be  repre- 
sented by  this  diagonal  taken  in  the  opposite  direction,  which 
would  make  equilibrium  with  the  third  force. 

By  means  of  this  proposition  we  can  resolve  a  given  force  into 
two  others  which  arc  equivalent  to  it,  in  any  given  directions. 
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6.  Prop.  If  three  forces  acting  at  a  point  are  in  equilibrium, 
they  are  proportional  each  to  the  sine  of  the  angle  contained 
between  the  other  two. 

In  figure  art.  5,  the  sides  of  the  triangle  ABC  represent  tlie 
forces  P,  Q,  R,  respectively ;  or, 

P:  Q'.R'.'.AC.  CB:BA 

: :  sin.  ABC  :  sin.  BAC  :  sin.  ACB 
: :  sin.  BAQ  :  sin.  BAC  :  sin.  PAQ    ^ 
: :  sin.  QAR\  sin.  BAR  :  sin.  FAQ 

Since  the  sines  of  the  angles  equal  the  sines  of  their  supple- 
ments. 

7.  Prop.  If  P  and  Q  be  two  forces  tvhich  act  at  a  point,  the 
angle  between  their  directions  being  0,  then  if  R  equals  their  re- 
sultant, we  have  R^=P^-hQ^  +  2 ,P ,  Q  cosine  6. 

By  trigonometry  we  have  in  triangle  ABC„  art.  5. 
A&=AC^  +  BC^-'2 AC, BC,  COS.  ACB 
and  cos.  ACB=  —  cos.  BCP=  —  cos.  6, 
.-.  R^=P^+Q^-{-2P,Q  cos.  0, 

8.  Prop.  If  three  forces  acting  at  a  point  in  different  planes 
be  represented  in  direction  and  magnitude  by  the  three  edges  of 
a  parallelepiped,  then  the  diagonal  will  represent  their  resultant 
in  direction  and  magnitude ;  and  reciprocally ,  if  the  diagonal  re- 
presents  a  force,  it  is  equivalent  to  three  forces  represented  by  the 
edges  of  the  parallelopiped. 

Let  the  three  edges  AB,  AC,  AD  of  the  parallelopiped  in 
the  figure  represent  the  three 
forces.  Then  Ai:,  the  diagonal 
of  the  fLice  ACED,  represents 
the  resultant  of  the  forces  AC 
and  AD,  Compounding  this  with 
the  third  force  represented  by  AB, 
we  have  AF,  the  diagonal  of  the 
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parallelogram  AEFB,  representing  the  resultant  of  AE  and  ABy 
or  of  the  forces  AC,  AD,  AB, 

Reciprocally,  the  force  AF  is  equivalent  to  the  components 
I  By  AE,  or  to  the  component  forces,  AB,  AC,  and  AD. 

9.  Prop.  Jf  any  number  of  forces  are  represented  in  direc- 
finn  and  viagnltude  by  the  sides  of  a  jwlygon  taken  in  order,  they 
ill,  when  applied  at  one  point,  produce  equilibrium. 


Let  A,  Pg,  P3, 
Pa*   Pk,   be   forces 


4> 


5» 


acting  at  the  point 
A,  as  in  the  figure. 


Let  P|  be  represented  by  AB. 

Py  „  the  parallel  line  BC. 

P.  ..  „  CD. 

DE. 


3 

^4 


EA. 


\ 


Or,  let  the  forces  be  represented  in  magnitude  and  direction  by 
the  sides  of  the  polygon  ABCDE,  taken  in  order.  If  we  com- 
plete the  parallelograms  AC,  AD,  AE,  and  draw  the  diagonals 

C,  AD,  we  see  that  AC  represents  the  resultant  of  forces  P, 
and  P,»;  compounding  this  resultant  with  the  force  P^  we  sec 
that  AD  represents  their  resultant,  or  the  resultant  of  Py,  P^, 

id  P3;  compounding  this  last  resultant  with  the  force  P^,  we 
sec  that  tlieir  resultant  is  represented  by  the  line  AE,  acting  in 
the  direction  from  A  to  E,  which  would  consequently  balance 
the  last  force  P5,  represented  by  the  last  side  EA  of  the  poly- 
gon, and  acting  in  the  direction  from  E  to  A,  It  will  be  seen 
from  the  proof  that  it  is  not  necessary  the  forces  should  lie  all  in 

le  plane. 


This  proposition  is  called  the  polygon  of  forces. 
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When  three  forces  act  in  equilibrium  at  a  point,  any  three 
lines  taken  parallel  to  their  directions  will  form  a  triangle,  the 
sides  of  which  respectively  will  represent  the  forces  ;  but  when 
there  are  four  or  more  forces,  this  will  not  hold,  because  the 
relation  which  subsists  between  the  sides  and  angles  of  triangles 
does  not  hold  in  four-sided  figures  or  polygons. 

For  instance,  in  the  figures,  if  CB  and  ch  be  parallel,  and 
also     FG     and 

fg,  the  triangles  h 

ABC,Ahc,hemg 
similar  and  si- 
milarly situated, 
the  sides  being 

respectively  proportional,  would  represent  the  same  three  forces ; 
but,  although  the  sides  of  the  polygon  DEFGHm\g\it  repre- 
sent a  system  of  five  forces  in  direction  and  magnitude,  yet  they 
could  not  be  represented  by  the  sides  of  the  polygon  DEfgll  in 
magnitude  also. 

10.  When  any  number  of  given  forces  act  at  given  points  in 
a  plane,  we  may  find,  graphically,  the  magnitude  and  direction 
of  the  resultant  of  the  system. 

Let  Pi,  Pg,  Pg,  in  the  figure,  have  their  points  of  application 
A,  B,  C.    Producing  the  directions  c 

of  the  forces  Pj  and  Pg,  until  they 
meet  at  the  point  a,  we  form  the 
parallelogram  ab  upon  the  lines  re- 
presenting them,  and  the  diagonal 
is  their  resultant  R^  in  the  figure. 
Producing  P^,  until  it  meets  at  c 
the  direction  of  the  force  Pg,  and 
drawing  the  parallelogram  cd  on  the 
lines  representing  P^  and  Pg,  we 
have  the  diagonal  representing  Pg  their  resuftant,  or  the  result- 
ant of  Pi,  Pg,  and  Pg.  By  pursuing  the  same  method  we  may 
find  the  resultant  for  any  number  of  forces. 

Definition.  The  moment  of  a  force  about  any  point  is 
the  product  of  the  force  into  the  perpendicular  let  fall  from  the 


STATICS. 


13 


point  upon  the  direction  of  the  force.  The  moment,  as  we  shall 
see  in  the  next  chapter,  measures  the  tendency  of  the  force  to 
produce  rotatory  motion  about  the  fixed  point. 


1 1 .  Prop.  The  moment  of  the  resultant  about  any  point  in 
'he  plane  of  the  forces  equals  the  sum  of  the  moments  of  the 

forces. 

Let  the  forces  P  and  Q,  act-  ^ 
ing  at  A,  be  represented  by  the 
lines  AB,  AC,  and  their  result- 
ant R  by  ADf  the  diagonal  of 
the  parallelogram  drawn  upon 
IB,  AC.  Let  O  be  the  point  ®^ 
about  which  the  moments  are. 
taken;  join  Oyi,  and  draw  AEFG 
})erpendicular  to  OA ;  draw  O/, 

0/«,  On,  respectively  perpendicular  to  AB,  AC,  AD ;  and  BE, 
CFy  DG,  perpendiculars  to  AEFG;  and  CH  parallel  to  that 
line. 

Now  the  triangles  OlA,  0mA,  OnA,  are  respectively  similar 
to  the  triangles  AEB,  AFC,  AGD, 


Whence  — -r:  = 


=  ^:  or  AF 


AB 

AF 
AC 

AG 

AD      OA 
but  AE  =  CH^  FG 


01 
OA 

Om 
OA 

On 


or  AE  = 


-T^  =  ^.  or  ^G  = 


AB„  01 
OA 

AC.  (hi 
OA 

AD .  On 


OA 

. AF+AE  =  AG 
^    or,  AB,  Ol-\-AC\  Om  =  AD,  On 
f\  Ol-^Q,Om  =  R.  On 


( )r  tlie  sum  of  tlic  niunu'nts  of  the  components  equals  the  mo- 
ment of  the  resultant  about  any  point  in  their  plane,  or  about 


I  axis  perpendicular  to  their  plane. 


If  the  point  O  fell  within  the  angle  formed  by  the  forces,  we 
hould  have  the  moment  of  one  of  the  forces  tending  to  cause  ro- 
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tation  in  the  opposite 
direction  to  the  other, 
and  it  must  then  be 
considered  as  negative 
if  the  other  were  po- 
sitive,  and   the  alge- 
braic sum  of  the  mo- 
ments of  the  compo- 
nents still  equals  that 
of  the  resultant.     In  the  annexed  figure  we  have  the  proof  the 
same  as  above,  except  that  AG  =  AF  —  AE, 
and  AC,  Om  -  AB .  01  =  AD,  On 
or  Q,Om-  P,  01  =  R.  On, 


By  compounding  R  with  another  force  acting  at  A,  we  should 
obtain  a  like  result:  or  the  moment  of  the  resultant  of  these 
forces  acting  at  A  equals  the  algebraic  sum  of  the  moments  of 
the  forces.  The  proposition  may,  in  the  same  manner,  be  ex- 
tended to  any  number  of  forces  acting  at  a  point. 


EXAMPLES. 

1 .  Shew  that  if  6  be  the  angle  between  two  forces  of  given 
magnitudes,  their  resultant  is  the  greatest  when  ^  =  0,  least 
when  ^  =  TT,  and  intermediate  for  intermediate  values  of  0,  If 
the  component  forces  be  P  and  Q,  what  is  the  magnitude  of  the 
resultant  when  ^  =  0,  and  also  when  ^  =  tt  ?  Ans,  (P  +  Q) 
and{P-Q),  ' 

2.  If  two  equal  forces  (P)  meet  at  an  angle  of  G0°,  shew  that 
their  resultant  =  P  \^S. 

3.  If  two  equal  forces  meet  at  an  angle  of  135°,  shew  that 
their  resultant  =  P  (2  —  >/£)*. 

4.  If  three  forces,  whose  magnitudes  are  3m,  4»i,  and  5m,  act 
at  one  point  and  are  in  equilibrium,  shew  that  the  forces  Sm 
and  4?w  are  at  right  angles  to  each  other. 


STATICS.  15 

5.  If  two  equal  forces  are  inclined  to  each  other  at  an  angle 
of  120°,  shew  that  their  resultant  is  equal  to  either  of  them. 

6.  If  the  magnitudes  of  two  forces  are  6  and  11,  and  the 
angle  between  their  directions  30°,  shew  that  the  magnitude  of 
their  resultant  is  16*47  nearly. 

.  Shew,  that  in  the  last  question  the  resultant  makes  with 
the  iorce  6  the  angle  whose  sine  is  '3339,  and  with  the  force  1 1 
the  angle  wliose  sine  is  '1821,  which  are  the  sines  of  19°  30'  and 
10^  30'  nearly. 

8.  Apply  the  proof  of  the  polygon  of  forces  to  the  case  of  ^\q 
1  ual  forces  represented  by  the  sides  of  a  regular  pentagon  taken 

m  order. 

9.  Enunciate  all  the  propositions  requisite  to  prove  that  the 
resultant  is  in  every  respect  mechanically  equivalent  to  the  com- 
ponent forces. 

10.  A  cord  PAQ  is  tied  rouml  a  pin  at  the   iixeii   |»uiiii   A, 
id  its  two  ends  are  drawn  in  diilercnt  directions  by  the  forces 

/'  and  Q  .*  shew  that  the  angle  between  these  directions  is  found 

I                 •             n           3  (/« 4-  Q-)  -  2  PQ     ,       ^, 
om  the  expression  cos.  ^  = ^ ^     '  wnen  the 


essurc  on  the  pin  is  equal  to 


8PQ 
P+Q 


11.  A  cord  whose  length  is  2/  is  tied  at  the  points  A  and  B 
.u  the  same  horizontal  line,  whose  distance  is  2  a .-  a  smooth 
ring  upon  the  cord  sustains  a  weight  w :  shew  that  the  force  of 

iision  in  the  cord  =  


sV^ 


CHAPTER  II. 

ON  FORCES  WHOSE  DIRECTIONS  ARE  PARALLEL. 

Though  the  propositions  in  the  last  chapter  will  not  apply  at 
once  to  forces  acting  at  different  points,  of  which  the  directions 
are  parallel,  yet  we  can  reduce  the  proof  of  the  method  of  find- 
ing their  resultant  to  that  of  two  forces  acting  at  one  point  in 
different  directions. 


^S' 


12.  Prop.  If  two  parallel  forces  P  and  Q  act  at  points  A 
and  B  respectively ,  then  their  resultaiit  equals  their  algebraic 
sum  in  magnitudey  and  acts  at  a  point  C  in  the  same  straight 
line  with  A  and  B,  such  that  Px/AC  =  QxBC. 


Let  the  forces 
act  as  in  the  figures 
at   A   amd   B;    at 
these  points  apply 
equal  and  opposite 
forces,   S  and   S': 
they  will  not  affect 
the  system.    P  and 
S  at  A  will  have  a 
resultant    in 
the  direction 
AD;  d  and 
S'  at  B  will 
have  a  result- 
ant in  the  di- 
rection BD; 
and    in     the 
Jower  figure,' 
yhere      .the 


>s' 


forces  act;  in  opposite  directions,  we  suppose  Q  greater  than  P, 
so. that  the  resultant  of  Q  and  S'  wilt  lie  nearer  Q  than  the  re- 
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sultant  of  P  and  S  does  to  P;  and  therefore  the  directions  of 
the  resultants  will  meet  at  some  point,  as  Z),  in  both  figures. 
We  may  suppose  the  whole  of  the  forces  to  act  at  the  point  D, 
Resolving  the  forces  parallel  to  the  original  directions,  we  shall 
have  forces  S  and  S'  parallel  to  AD^  which  will  destroy  each 
other;  and  forces  P  and  Q  acting  parallel  to  their  original  direc- 
Ons,  giving  a  resultant.  R  =.P-\-Q  in  the  upper  figure,  and 
I(  =  Q  —  P  in  the  lower  figure.  To  find  the  point  C  in  the  line 
ABy  or  AB  produced,  where  R  acts,  we  have, 

from  triangle  A  CD,   P:S::CD:AC 
from  triangle  BCD,    S':Q::BC:CD 
Compounding  these  ratios,  we  have 

P:Q::BC:AC 
or,  Px AC  =  QxBC 

IS.  If  AB  be  perpendicular  to  the  direction  of  the  forces, 
AC  and  BC  are  called  the  arms  of  the  forces,  and  the  products 
P,AC,  Q.BC,  are  the  moments  of  the  forces,  about  the  point  C.l 
.If  the  forces  are  inclined  at  an  angle  a  to  AB,  then  the  perpen- 
diculars from  Con  the  lines  of  action  of  the  forces  are  y/C.sin.  a 
and  i?C.  sin.  a,  and  the  moments  arc  P.^Csin.a  and  Q.-SC.  sin. «. 

14.  If  C  be  a  fixed  point,  its  resistance  will  destroy  the 
effect  of  the  resultant  force ;  so  that  P  and  Q  will  be  in  equili- 
brium about  such  a  point,  when  their  moments,  tending  to  cause 
rotation  opposite  ways  about  it,  are  equal  to  each  other. 

15.  To  find  AC  in  terms  oi  AB,  we  have 

PxAC^  Q{AB—AC),  in  the  upper  figure; 

or,  AC  =  -j^^AB      and  similarly,  BC  =  j^-p:AB 

and  PxAC=Q{AC—AB),  in  the  lower  figure; 
or,  AC  =  -T^-jjAB      and  similarly,  BC  =--^-—AB 

The  point  C  is  determined  in  both  cases;  unless  in  the  latter 
P-Q,  when  y/C=infinity ;  but  then  the  resultant  R  =  Q  —  P=0, 
This  is  a  peculiar  case  ;  the  effect  of  two  equal,  and  parallel 
forces  which  do  not  act  at  the  same  point  being  to  produce 
-otatory  motion  onlv.     Sucli   f'^rrt-^  rr.nstitute  what  is  calh'd  n 
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statical  couple,  and  all  tendency  to  rotatory  motion  can  be  re- 
ferred to  forces  forming  such  couples.  If  the  forces  are  inclined 
at  an  angle  a  to  AB,  then  P.^.Z?.sin.a  is  tlie  moment  of  the 
couple. 

16.  Prop.     To  find  the  resultant  of  a7iy  number  of  parallel 
forces  which  act  at  any  points  in  one  plane. 


First,  let  the  parallel  forces 


Pj        Rz 


P„  P„  P„  &c. 


P«,  have 


Ri 


Pi 

/' 

/    / 

//^ 

1 

r  ■ 

/  c/^ 

'b 

i 

' 

c 

t>  i^ 

rf            G 

L         K 

their  points  of  application  A, 
By  Dy  &c.  and  act  towards  the 
same  part.  Take  any  two  lines, 
Ox,  Oy,  at  right  angles  to  each 
other;  join  AB,  and  let  C  be 
the  point  of  application  of  the 
resultant,  R^,  of  Pj  and  Pg. 
Theni2i=Pi  +  P2 
andPiX^C=P2xi?C 

Draw  the  lines  AF,  BG,  CH,  DK,  paralleljq^Q^;-and  Ac, 
Ch,  parallel  to  Ox,     The  triangles  ACc,  C^are  similar,  and 

AC      BC 

.-.  PixCc  =  B^xBb 

or,  PiX{CH-AF)=:P.,x{BG-CII) 

(F1  +  P2)  xCH  =  P,x  AF+P,  xBG 

or,  BiXCH=PixAF+P^xBG 

Taking  another  force,  Pg,  and  compounding  with  Pj  acting 
at  C,  we  find  the  second  resultant,  Pg  =  P^  +  Pg  =  P^  +  Pg  +  Pg, 
and  E2X^L  =  B,xCH-hP.,xDK 

=  PixAF+P,xBG-i-P,xDK 
and  so  onwards  for  any  number  of  forces. 

If  we  put  ^P=?/i,     BG=y.^,     nK=?j„  &c. 
OF=x„     0G=X2,     OK=x.s,  &c. 
or,  if  x^yi,  X2y2f  x^y^,  &c.    .    .   .   Xnyn  are  the  co-ordinates  of 
the  points  A,  B,  D,   &c.,  the  points  of  application  of  the   n 
forces,  the  above  formula  becomes 
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and  if^,  y,  were  the  co-ordinates  of  the  point  of  application  of 
R,  the  resultant  of  the  n  forces,  we  should  have 

E^Pi  +  P.  +  Ps  +  ScC,  .  .  .    +P« 

and  i^.y  =  Pi.yi  +  P2.?/2H-P3.y3  +  &c.  .  .  .    +P«.y„ 

If  we  had  drawn  lines  parallel  to  Ox,  we  should  have  found, 
in  the  same  way, 

ii.cf  =  P1.J71  +  P0.J72  +  P3.X3  +  &C.  .  .  .    +P„.x, 

These  formulae  are  often  written   more  concisely  by  using 
the  Greek  letter  5*  as  the  sign  of  summation ;  and  P  being  any 
one  of  the  forces,  a;,  y,  being  the  co-ordinates  of  its  point  of 
pplication,  then 

R..v=S{P.x) 

R.y  =  X{P.y) 

R  =  ^{P) 

The  point  whose  co-ordinates  are  .f,  y,  is  called  the  center  of 
parallel  forces.  It  depends  on  the  magnitude  of  the  forces  and 
their  points  of  application  ;  but  is  independent  of  the  angle 
which  their  direction  makes  with  any  given  line. 

Secondly.     When  some  of  the  forces  act  in  opposite  direc- 

*:ons,  they  must  be  taken  negative;  and  so  also  when  the  co- 

rdinates  of  the  points  of  application  are  negative,  they  must  be 

j)plied  with  their  proper  signs;  and  then  the  above  formulae 

will  apply  to  all  cases. 


If  /?!,  the  resultant  of  Pi  and 
/'^,,  as  found  in  the  previous  case, 
l>e  compounded  with  a  force  P^\ 
(ting  ns  in  the  figure  at  /),  by 
ining  C  /),  and  producing  it  in 
ihe  direction  of  the  greater  force, 
say  /?,,  we   have  R.^  the   second 
uit  =  RyP^;  and  E  being 
lint  of  appliciition, 
R.xEC^P^xED 


« 

1'. 

•       4.           A 

) 

! 

V 

t 

R3 

f 

/A7 

i 
1 

. 

L 

k 

/ 

i 

f 

1 

V 

C 

/ 

4 

O    F 


20 


ELEMENTARY  MECHANICS. 


Drawing  Ce,  Ed,  parallel  to  Ox  and  meeting  DK  in  d,  EL 
produced  in  e,  the  triangles  ECe,  EDd,  are  similar,  and 

EC^DE 

Ee        Dd 
.-.  R^xEe  =  P^xDd 
or,  R,{CH-EL)  =  P^{DK-EL) 
or,  (i2i  -Pg)  .EL^R,x  CH-P^  x  DK 
or,  R,xEL  =  P,x AF+P., x BG-P, x JDK 
and  so  for  any  other  forces  act-     y  Pi 

ing  in  the  opposite  direction  to 
Pi  and  Pg,  &c. 

Again.  Let  ?/2j  <he  ordinate 
of  the  point  of  application  of 
Pgj  l>e  negative  =  £G  in  figure  ; 
draw  Aa,  Cb,  parallel  to  Ox. 

PixAC  =  P^xCB 

or,  Pi  X  Ca  =P2  X  ^6  by  similar 
triangles. 

Pi(^P-  CH)  =  P^{CH+BG) 
{P1+P2)  CJI=P,x  AF-P^  X  BG 

or,  Bi-y  =  A-^i  — -P2-2/2>  as  we  should  have  found  by  putting 
^2  with  its  proper  sign  in  the  general  formula,  which  thus  ap- 
plies generally  to  all  cases  of  parallel  forces. 

When  some  of  the  forces  are  negative  and  others  positive, 
we  may  have  the  sum  ^(P)  =  0; 

or,  72  =  0 
and  the  system  of  forces  may  be  equivalent  to  a  couple. 

17.  Prop.  The  algebraic  sum  of  the  moments  of  any  number 
of  parallel  forces  which  act  in  one  plane  about  any  point  in  the 
plane,  equals  the  moment  of  their  resultant  about  that  point. 


Let  Pi,  P2,  P3,  be  parallel  forces  acting  at  the  points  A,  B, 
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Z),  respectively ;    Ri  and  7?,,  the  resultants,  as  before  ;   G  the 
point  about  which  k 

the    moments    are 

taken,    and    called  ^  *  vl     /     p« 

the    center   of  mo- 
'■/its. 

Draw  Gdef  and  q 
Ach      perpendicu- 
lars   to    the    direc- 
tion of  the   forces 
in  both  figures.    In 
the  first  figure  both 
Pi  and  Pg  will   tend    to 
cause   rotation    the   same 
way  round  G  ;  but  in  the 
other  figure  they  tend  op- 
posite   ways,    and    must 
therefore   be    taken  with 
diflferent  signs. 

In  the  first  figure,  the 
um  of  the  moments  of  Pj 
and  P2  about  G^P^x  Gd  +  P^x  Gf 
=  P,{Ge-de)-^P,{Ge  +  ef) 

=  {Pi  +  Pi)Ge  +  P2Xcb—PiAc  ,  .  .  since  cb==ef,  de  =  Ac 
= R^x  Ge -{^{P^xCB-P^x AC) COS. B Ah 
=  i2j  X  Cr<?  =  moment  of  the  resultant  about  G 
rince  Pi  xAC=P,^x  CD  when  C  is  the  point  of  application  of 
the  resultant. 

In  the  second  figure,  the  algebraic  sum  of  the  moments  about  G 
^P^xGf-P.xGd 
=P^{Ge-\'ef)-P,{de-Ge) 
=  (Pi  +  Ps)  Gc  +  Pg  X  f/-Pi  X  de 
^RyxGe  .  ,  ,  aa  before,  since  Pg  x  tf/=Pi  x  de 

If  we  take  another  force,  Pj,  we  find,  in  the  same  way,  the 
moment  of  the  second  resultant,  P,,  equals  the  algebraic  sura  of 
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the  moments  of  T^^  and  P3,  or  of  P^,  P^,  and  P3,  and  so  for  any 
number  of  forces. 


EXAMPLES. 

1.  Two  parallel  forces  acting  in  the  same  direction  have 
their  magnitudes  5  and  13,  and  their  points  of  application  6  feet 
distant ;  shew  that  their  resultant  acts  at  a  point  4^  feet  from  the 
point  of  application  of  the  force  5,  and  If  feet  from  that  of  the 
force  13.     What  is  the  magnitude  of  the  resultant  ? 

2.  If  the  forces  in  the  last  question  act  in  opposite  directions, 
shew  that  the  point  of  application  of  their  resultant  is  distant 
3|  feet  from  the  point  of  application  of  force  13,  and  9|  feet 
from  that  of  force  5.     What  is  the  magnitude  of  the  resultant  ? 

3.  If  two  parallel  forces,  P  and  Q,  act  in  the  same  direction 
at  the  points  A  and  B,  and  make  an  angle  B  with  the  line  AB, 
shew  that  the  moment  of  each  of  them  about  the  point  of  appli- 

cation  of  their  resultant  =  — '-—AB  sin.  ^. 

P+  Q 

4.  If  three  forces  which  act  at  a  'point  be  represented  in 
direction  and  magnitude  by  the  sides  of  a  triangle  taken  in 
order,  they  will  make  equilibrium  ;  shew  that  if,  instead  of  act- 
ing at  one  point,  they  each  act  in  the  line  which  is  the  side  of 
the  triangle  representing  it,  they  are  equivalent  to  a  statical 
couple. 

5.  If  three  equal  parallel  forces  act  at  the  three  angles  of 
an  equilateral  triangle,  shew  that  their  center,  or  point  of  appli- 
cation of  their  resultant,  is  in  the  line  drawn  from  any  angle  to 
the  middle  of  the  opposite  side,  and  at  f  the  length  of  the  line 
measured  from  the  angle :  being  independent  of  the  angle  which 
the  forces  make  with  the  plane  of  the  triangle. 

6.  In  question  4,  if  a,  b,  c,  be  the  sides  of  the  triangle  op- 
posite to  the  angles  A,  B,  C,  respectively,  then  the  moment  of 
the  couple  equals  ah  sin.  C=ac  sin.  B=.hc  sin..^. 
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CHAPTER  III. 


ON  THE  THEORY  OF  COUPLES. 


We  saw  in  \the  last  chapter  that  two  equal  and  parallel  forces 
acting  in  opposite  directions  and  at  different  points  of  a  body 
had  no  single  resultant,  but  constituted  a  statical  couple,  tend- 
ing to  produce  rotatory  motion.  This  tendency  can  be  balanced 
only  by  an  equal  and  opposite  tendency  produced  by  an  oppo- 
site couple.  Statical  couples  have  peculiar  properties,  which  we 
will  now  discuss,  and  chiefly  by  employing  the  super-position  of 
r(fi/il/ljr}uni.     Sec  page  6. 

18.  Prop.     ^  couple  may  he  turned  rotmd  in  any  manner  in 
its  own  plane  tvithout  altering  its  statical  effect. 


Let  P1ABP2  be  the  ori- 
ginal couple;  take  ab  =  AB, 
and  turned  round  any  point  C; 
apply  equal  and  opposite  forces, 
/'j,  I\f  perpendicular  to  ab  at 

' ;  and  similarly,  I\  and  Pg  at 

',•  these  will  not  affect  the 
.^ystem,  being  in  equilibrium 
amongst  themselves:   let  each 

f  them  equal  Pj  or  I\,  Then 
/\  at  A,  and  I\  at  a,  are  cqui- 

alcnt  to  a  force  bisecting  the 

nglc  I\EI\  between  thcm^  or  a  force  in  CJC;  similarly,  /^ 
and  7q  are  equivalent  to  an  equal  force  in  C/>.  These  forces 
being  equal  and  opposite  may  be  removed ;  that  is,  we  may  re- 
moyr  from  the  syato^i  the  forces  P^  /\,,  P4,  P^,  and  we  have 
remaining  the  forces  /j  and  P^  at  a  and  b,  fonning  the  couple 
P^abP^f  which  is  the  same  as  if  we  had  turned  Uie  original 
couple  round  the  point  C  until  its  ann  came  to  the  position  ab. 
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19.  Prop.  A  couple  may  he  removed  to  any  other  part  of  its 
own  plane,  its  arm  remaining  jmrallel  to  the  original  direction; 
and  it  may  be  removed  to  any  other  plaiie,  in  the  body  on  which 
it  acts,  parallel  to  its  oivn  plane,  its  arm  being  parallel  to  the 
original  arm. 


First.  Let  the  arm  AB  of  the 
original  couple  P^ABP^  be  re- 
moved in  its  own  plane  to  the 
parallel  position  ab ;  let  forces 
•^3>  Aj  A»  A>  each  equal  to  the 
original  forces,  be  applied  per- 
pendicularly to  ah  at  the  extre- 
mities a  and  b  in  opposite  pairs, 
as  in  the  figure. 

Join  Ab  and  aB,  these  lines 
will  bisect  each  other  in  C ;  and 
Pi  at  A,  and  Pg  at  b,  are  equiva- 
lent to  a  force  =  SPi  at  C,  .pa- 
rallel to  the  original  direction;  similarly,  P^  at  B,  and  P,  at  «, 
are  equivalent  to  a  force  =  gp,  at  C,  opposite  to  the  former; 
these  will  consequently  balance  each  other,  and  may  be  removed, 
or  the  forces  A,  P„  P,,  p^,  ^ay  be  removed,  and  we  have  re- 
maining the  couple  P.abP,,  equivalent  to  the  original  couple 
removed  parallel  to  itself  in  its  own  plane. 

Secondly.  Let  the  arm  AB  of  the  original  couple  be  re- 
moved  from  its  own  plane 
DE,  parallel  to  itself,  to  ab 
in  the  parallel  plane  FG,- 
let  equal  forces,  each  equal 
to  Pi  or  Pg,  be  applied  at  a 
and  b,  as  in  the  former  case. 
Join  Ah  and  Ba;  these  lines 
will  bisect  each  other  in  C. 
The  forces  Pi  and  Pg^-will  be 
equivalent  to  a  force =^Pj  at 
C,  parallel  to  the  original  di- 


STATICS. 


25 


rection,  and  Po  and  P4  will  be  equivalent  to  an  equal  and  oppo- 
site force  at  the  same  point ;  these  equal  and  opposite  forces  at 
C  may  be  removed,  and  there  ren\ains  the  couple  P-^abP^t  equi- 
iilent  to  the  original  couple  removed  to  the  plane  FG, 

20.  Prop.     Alt  statical  couples  are  equivalent  to  each  other 
chose  planes  are  parallel  and  moments  equal. 

,^' 

Definition.  The  moment  of  a  couple  is  the, product  otbne 
of  the  forces  into  the.  arm,  or  P,AB  in  the  foregoing  proposi- 
tions. 


A. 


«4 


Pi=P+Qi 


Let  P1ABP2  be  the  original  couple, 
whose  moment  is  P,AB,  Produce 
4B  to  C,  and  apply  there  equal  and 

pposite  forces  Q,  and  Qo,  such  that 
(^AC=P.AB,   We  may  suppose  -PiVv     p 
T  A  to  be  the  sum  of  two  forces,' 
/''  and  Qi;  now 

P^.AB=Qy.AC=Q^{AB-\-BC). 
r.{P,-Q{)AB=Q,.BC 
=  P\AB 
and  forces  P  at  A,  and  Qi  at  C,  have  a  resultant  parallel  to 
their  directions  and  equal  to  their  sum  at  B.  This  force, 
/^4-Q  =  Pj,  will  balance  P^,  and  therefore  P  at  A,  Qy  at  C, 
and  P2  at  B,  may  be  removed ;  and  there  remains  the  couple 
Q»AC,  which  is  therefore  equivalent  to  the  original  couple. 

By  the  previous  propositions  this  couple,  Q,AC,  may  be 
T>  '  into  any  plane  parallel  to  its  own,  and  turned  round  in 

a  icr  in  that  plane. 


Dkhmtion.     The  axis  of  a  couple  is  a  Hik    jm  1  j)(  ndicular 
to  the  plane  of  the  couple  ;  and  its  length  being  taken  propor- 
ional  to  the  moment  of  the  couple,  represents  it  in  magnitude* 
I'  V  to  rota  t.  iind  the  axis,  and  the 

1  axis  rij  ncy  as  measured  by 

the  moment,  the  axis  represents  completely  the  couple.     The 
effect  of  the  previous  propotitions  it  consequently  this :  that  the 
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axis,  of  fixed  length,  may  be  removed  any  where  within  the  body 
acted  on,  parallel  to  itself. 

When  any  number  of  couples  act  upon  the  body,  they  can 
be  compounded  into  one  resultant  couple. 

21.  Prop.  When  any  number  of  couples  act  upon  a  body  in 
parallel  planes,  the  moment  of  the  resultant  couple  equals  the 
sum  of  the  moments  of  the  component  couples. 


Let  P,  Q,  R,  &c.  be  the  forces ;  a, 
b,  c,  &c.  their  arms  respectively ;  the 
couples  can  be  removed  all  into  one 
plane,  turned  round,  and  moved  in  that 
plane,  and  their  arms  changed  to  a 
common  arm,  whilst  their  moments  re- 
main unchanged.  Let  m  be  the  com- 
mon arm  AB;  P\  Q\  R' ,  &c.,  the  ^'^ 
forces;  so  that  jP'.  ?/z=P.fl5,  Q'.w  =  Q.&,  q'W 
R'.m=R.c,  &c. ;  but  the  forces  F,  Q',  ^,^^| 
R' ,  &c.  at  A  are  equivalent  to  a  force 


R' 


p+q'+r:+8ic.=- 


^.a     Q.b     R.c 

— -+ +  — H-&C. 

m         m         m 


L 


M 


And  similarly,  the  forces  at  B  are  equal  to 
the  same  sum ;  and  the  moment  of  the  re- 
sultant couple  =(F+a'  +  i2'  +  &c.)y^i? 

=  (P'+Q'  +  i2'  +  &c.)m 

=  Pa+Q6  +  i2c  +  &c. 
This   is   the    same   thing   as   taking  the   algebraic   sum  of  the 
axes,  as  OK,  KL,  LM,  &c.  for  the  resultant  axis,  when  the 
component  axes  are  parallel.      If  any  of  the   couples  tend  to 
cause  rotation  the  contrary  way  round, 
we    must    take    them    with    contrary 
signs,  or  their   axes    must  have  been 
measured    in    the    opposite    direction   q 
from    0.      An   axis    is    therefore    ba- 
lanced by  an  equal  and  opposite  axis, 
or  a  couple  by  an  equal  and  opposite 
couple.     If  PABP,   QDEQ,    were 
couples  whose  moments  were  equal  and 
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opposite,  or   P,JB  =  —Q.DE,   they  would    evidently    make 
(|uilibrium  with  each  other. 


22,  Prop.  If  two  sides  of  a  parallelogram  represent  the 
axes  of  two  component  couples,  the  diagonal  represents  the  axis 
'/  the  resultant  couple. 

Let  OK,  OL,  be  the  axes 
of  the  component  couples, 
then  OM,  the  diagonal  of 
iie  parallelogram  formed  on 
them,  represents  the  axis  of 
a  couple  equivalent  to  them. 

The  planes  of  the  couples 
being  perpcndicuJar  to  their 
axes  respectively,  will  be  in- 
( lined  at  the  same  angle   to 

ach  other  as  the  axes  themselves  are.  The  couples  can  be 
moved  and  turned  round,  each  in  their  own  plane,  until  their 
arms  are  in  the  intersection  of  their  planes ;  and  their  moments 
being  kept  the  same,  they  can  be  brought  to  have  the  same  arm. 
Let  yiB  be  this  common  arm  in  the  intersection  of  the  planes; 
PABPy  QABQ,  the  couples.  Completing  the  parallelograms 
on  the  lines  representing  P  and  Q  respectively,  the  diagonal 

-presents  their  resultants  Ry  at  A  and  B,  and  the  two  couples 
are  equivalent  to  a  couple  IIABR, 


If  ^  be  the  angle  between  P  and  Q,  or  between  OK  and  OZ, 
/r-  =  jW-f.Q2  +  2PQco8.^  .  .  .  from  the  triangle  of  forces. 


Ji.AB=AB.  \^P»-\-Q^-i'2PQcos,e 


=  '\/F^.AB^'^QKAB*'^UP.ABxQ.ABcos,e 
=  \^K^+0'L^~^OK.  OL cos. e 
=iOM 
\nd  OK,  OL  being  respectively  perpendicular  to  tlie  planes  of 
Ics  PA  DP,   QABQ,  we  have  OJ^f  perpendicular  to 
of  the  resultant  couple  RABli;  therefore  Oil/ repre- 
sents tlic  axis  of  the  resultant  couple.     Let  L  and  M  be  the 
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moments  of  the  component  couples,  G  the  moment  of  tlieir  re- 
sultant; then 

Cor.  If  Z,  My  N,  were  the  axes  of  three  component  couples, 
we  could  shew,  as  in  article  8,  that  G,  the  axis  of  the  resultant 
couple,  would  be  represented  in  direction  and  magnitude  by  the 
diagonal  of  the  parallelopiped  formed  upon  them. 

If  Z,  M,  Ny  were  at  right  angles  each  to  the  plane  passing 
through  the  other  two,  the  parallelopiped  would  be  rectangular, 
and  we  should  have 

G^=L^+M^-{-NK 


V 


CHAPTER  IV. 

ON  ANALYTICAL  STATICS  IN  TWO  DIMENSIONS. 

In  this  chapter  we  refer  the  points  of  application  and  the  direc- 
tions of  the  forces  to  co-ordinate  axes  Ox,  Oy,  at  right  angles  to 
each  other. 


23.  Prop.  Required  the  magnitude  and  direction  of  the  re- 
sultant of  any  number  offerees  in  one  phne  acting  at  one  point, 
nnd  the  conditions  in  order  that  tJiene  may  he  equilibrium. 


Let  Pi,  Po,  P3,  &c.  .  .  .  P«,  be  the  n 
forces,  and  let  the  point  at  which  they  act 
be  taken  for  the  origin  of  co-ordinates. 
Let  Px  make  the  angle  a^  with  Ox 

P^  .  .  .  U.  .  ' 


'  3 
&c. 
P- 


&c. 


Let  OA  represent  the  force  Pi/  com- 
plete   the    right-angled    parallelogram 

OMANf  then  OM  represents  the  resolved  part  of  Pj  in  Ox, 
ON  that  in  Oy, 


Xn,  be  the  resolved  parts  of  the 


Let  X|,  Xf,  X3,  &c.  . 
forces  respectively  in  Ox, 

r.,  r„  Y„  &c 1. 

we  have  0M=  A'l  =Pi  cos.  «i 
and  similarly,  Xgrrpjcos.  «g 
A;a=PjC08.«3 
&c.  &c. 

A',=P,cos.«, 

i^ut  the  components  in  Ox  arc  equivalent  to  a  single  force 
=  A'i  +  X,  +  A:,  +  &'  f  a.. 


.     .     in  Oy, 
OA^=r,=  Pi  sin. 
yj=Pt8in.  oj 
y,=Pj8in.  as 
&c.  &c. 

r.  =  P.8in««. 


^ 
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This   sum   we   often  write   more   concisely   by  employing   the 
Greek  letter  ^  as  the  sign  of  summation ; 

or,  Z1  +  Z2  +  X3  +  &C.  .  .  .    +X„  =  :^(X) 
In  the  same  way,  hi  the  axis  of  y  we  have 

Y.+  Y.+  Y.-h&c.  .  .  .   +Y„=I!{T) 
or  we  have  I!{X)  =  ^{P  cos.  a) 

5'(r)  =  ^(Psin.  a) 

Let  R  be  the  resultant  required,  6  the  angle  it  makes  with 
Ox,  The  resolved  parts  of  R  in  the  axes  must  equal  the  re- 
solved  parts  of  the  forces  in  the  same  directions  ;  or, 

R  cos.  e  =  I!{X) 

R  sin,  6=:S{Y) 

.-.  tart.  6>=fl2  (i) 

These  equations  (1)  and  (2)  give  the  magnitude  and  direction  of 
the  resultant. 

If  the  forces  are   in  equilibrium,   their  resultant  =  0,   and 
R=0  gives 

But  square  quantities  being  essentially  positive,  this   equation 
cannot  be  true  unless  we  have 

^(X)=0  S(Y)=0 

These  are  the  two  necessary  and  sufficient  equations  for  equili- 
brium, when  any  number  of  forces  in  one  plane  act  at  one  point. 

24.  Prop.  To  investigate  the  expressio7is  for  the  resultant 
force  and  resultant  couple,  and  to  find  the  conditions  of  equili- 
brium, when  any  number  of  forces  act  at  various  points  of  a  rigid 
body  in  one  plane. 

Let  Oxy  Oy,  be  the  co-ordinate  axes,  and  the  plane  passing 
through  them  be  that  in  which  the  forces  I\,  P.^,  &c.  ,  .  .  P„,  act. 

Let  «!,  a.^,  &c.  .  .  .  ci,„  be  the  angles  they  make  with  Ox 
respectively. 
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Let  J*!,  yxi  be  the  co-ordinates 
03fi,  A^My  of  Ax  the  point  of  appli- 
cation of  the  force  Pi,  and  let  x^y  yo* 
&c.  .  .  .  x„,  y„,  be  the  co-ordinates 
of  the  points  of  application  of  the 
others  respectively. 


A, 


■^^^x. 


x;^M, 


Resolving  Pi  in  the  directions  of  _5x,  o 
Ox  and   Of/,  we   shall  have    compo- 
nents 

Xi=Pi  COS.  «!  1^1= A  sin.  «! 

at  the  point  y/j. 

Apply  at  Of  in  0.r,  equal  and  opposite  forces,  each  equal  to 
A  I,  which  will  not  affect  the  system;  and  Xi  at  Ay,  with  —Xi  at 
0,  form  a  couple,  with  its  arm  A^Mi, 

Then  A'l  at  A^  is  equivalent  to  a  force  A"i  at  O,  and  a  couple 
XiX^i3/i  =  A>i. 

Similarly,  applying  at  O  in  Oy  forces  equal  and  opposite, 
and  each  equal  to  Fi,  we  have  Y^  at  Ai  equivalent  to  l^i  at  O, 
and  a  couple 

-l\xOMx=-Y,x, 

This  last  couple  will  be  negative  if  the  former  be  taken  positive, 
as  tending  to  cause  rotation  the  contrary  way.  We  consider 
those  couples  'positive  which  tend  to  cause  rotation  in  the  direc- 
Aion  of  the  hen  ids  of  a  ivatch* 

Proceeding  in  the  same  way  with  all  the  other  forces,  we 
shall  have  a  sum  of  forces 

.V,-hA:,  +  X34-&c.  .  .  .   +A„  =  5'(X) 
O  in  Ox  ; 

r,+  r,+  n+&c.  .  .  .  4-r..=jfn 

at  O  in  Oy  ; 

andcouplcs  A,yi-|-A2y,-f  A3y3  +  &c.  .  .  .    4-A,^«  =  i(A^) 

-r,j-,-r^r,-r3X3-&c.  .  .  .  -^>,=5'(-r.r) 

The  couples  being  in  the  same  plane,  we  have  their  resultant 
axia  G  equal  to  the  algebraic  sum  of  the  component  axes ;  or, 
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G  =  S{Xy)-S(Yx) 
=  S{X,j-Yx)  (1) 

If  R  be  the  resultant  force  acting  at  O,  6  the  angle  it  makes 
with  Ojo, 

R  COS.  e='Z{X) 
7?  sin.  d='Z(Y) 

tan.  .= Jgl  (.) 

andie2=(5'(X))2  +  (^(r))2  (3) 


The  equations  (1),  (2),  and  (3),  determine   G  and  R;  they 
can,  however,  be  simplified  when  neither  G  nor  i2  =  0.      The 
moment  of  the  couple  remaining  the 
same,  let  its  forces  be    each   made 
equal  to  R  ;  then  let  it  be  moved  and 
turned  round  until  one  of  its  forces 
acts  at  O  in  an  opposite  direction  to 
the  resultant  force  ;   AO  being  the 
arm.     These   two   forces   balancing, 
may  be  removed,  and  there  remains 
the  other  force  of  the  couple  acting 
in  ABR  in  the  figure.    This  final  re-    ^ 
sultant  being  parallel  to  R,  makes  the  angle  6  with  the  axis  of  x. 

To  find  the  equation  of  the  line  ABR^  we  have  OA  the  arm 

of  the  couple  =  --;  and  0B= ;;=-f: 7i 

R  COS.  6     R  cos.  d 


or,  0B= 


G 


and  equation  of  the  line  ABR  is 

2/=tan.  6,x-i-0B 

or,  y=  ^  ,^/,.x  + 


S{xy   -SiX) 

When  there  is  equilibrium,  we  must  have  both  the  resultant 
force =0  and  the  resultant  couple  =  0.    These  conditions  give  us 

^(X)=0 

^(r)=o 
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These  are  the  three  necessary  and  sufficient  equations  of  equili- 
brium, when  any  forces  act  on  a  free  body  in  one  plane. 

25,  If  there  were  a  fixed  point  in  the  plane  of  the  forces,  we 
might  take  it  for  the  origin  of  co-ordinates  O,  and  its  resistance 
would  destroy  the  effect  of  the  resultant  force  R,  and  we  should 
have  the  condition  of  equilibrium  only  G  =  0; 

ov,^{Xi/-Yx)=0 
or  there  must  be  no  tendency  to  rotation  around  the  fixed  point. 

26.  Prop.  To  prove  the  principle  of  virtual  velocities  for 
forces  acting  in  one  plane  on  a  point,  and  on  a  rigid  body  at  dif- 
ferent points. 

Definition.  If  any  forces  as  Pi  and  P^ 
act  at  a  point  as  v^  in  the  figure,  and  this 
point  is  displaced  through  an  indefinitely 
small  space  yla,  and  we  draw  perpendicu- 
lars pio  and  poO  from  a  upon  the  directions 
of  the  forces,  then  the  distances  Jpi  and 
Ap2  are  called  the  virtual  velocities  of  the  forces  P^  and  Pg ;  and 
Jpi  being  measured  in  the  direction  of  force  Pj  is  called  posi- 
tive, Ap-i  being  measured  in  the  direction  of  force  P^  produced 
is  called  negative. 

The  principle  of  virtual  velocities  is  thus  enunciated:  If 
any  number  of  forces  be  in  equilibrium  at  one  or  more  points  of  a 
rigid  body,  then  if  this  body  receive  an  indefinitely  small  disturb- 
ance, the  algebraic  sum   of  the  products  of  each  force  into  its 

rirfii/il  ri'Jru-i/ )f    ;v   oitiinl  fo    ypTO. 

iiiis  pni)cii)R'  is  true  wiien  the  forces  in  equilibrium  act  at 
any  points  and  in  any  planes  on  a  rigid  body;  but  we  shall  in 
is  treatise  only  prove  the  case  when  the  forces  act  either  at 
one  point  or  at  different  points,  in  one  plane,  because  the  ge- 
neral case  requires  a  knowledge  of  analytical  geometry  of  three 
dimensions. 

First.     To  prove  the  principle  when  the  forces  act  all  at  one 
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Let 


=1>    «2>    ^3i 


&C. 


be  the 


angles  they  make  respectively  with  Ox. 

Let  6  be  the  angle  which  the  displace- 
ment u4a  makes  with  Ox. 

Let «?!,  V2,  «'3,  &c.  .  .  .  Vn)  be  the  vir- 
tual velocities  of  the  forces  respectively  ; 
then  in  figure,  h\  =  Api  =  Aacos,  aApi 

=  Aa  COS.  {oci  —  0) 
=Aa  (cos.  «!  cos.  ^  +  sin.  «!  sin.  6) 
and  Pi.  Vi  =  PiAa{cos.  oil  COS.  ^4-sin.aisin.  6) 

=Aa  (cos.  6 .  Pi  cos.  ui  +  sin.  0 .  Pi  sin.  ai) 
Similarly,  for  Pg  we  have 

P2 .  t?2  =  Aa  (cos.  ^  .  P2  COS.  og  +  sin.  6  .  Pg  sin.  ag) 
and  so  for  the  other  forces,  therefore,  we  have 

P1.V1  +  P2.V2  +  P3.V3+&C.  .  .  .  P„.?;„=^(P.?;);  say, 
=  ^a{cos.  ^  (Picos.  ai  +  Pjj  COS.  a2  +  &c.   .   .   .  +P«cos.a„) 
-h  sin.  6  {Pi  sin.  a^  +  P^  sin.  a^  +  &c.  .  .  .  +  P„  sin.  a„) } 
But  when  there  is  equilibrium  at  a  point 

Pjcos.  ai  +  PgCOS.  a2  +  &c.  .  .   .  +P„cos.  a„  =  0 
Pi  sin.  oti  -f  Pg  sin.  a^  +  &c,    .  .  .  +  P„  sin.  a^  =  0 
.'.we  have  ^(P.^')=0;  or,  the  principle  is  true  when  the  forces 
act  all  at  one  point. 


Second.  Let  the  forces  act  at  different  points  or  particles  of 
the  body  in  one  plane.  We  have  now  to  consider  these  points 
connected  together  by  rigid  lines  or  rods  without  weight,  which 
transmit  the  reactions  of  the  particles  upon  each  other.  These 
reactions  must  be  considered  together  with  the  other  forces. 

Let  Aif  A2,  ^3,  &c.  .  .  .  A^,  be  the  particles. 
Let  rajoa  he  the  reaction  of  the  particle  A^.  upon  the  particle  A^^ 


'0301 


4?- 


&c. 

Let  Va,a^y 

velocities ; 


&c.  &c. 

Do,o„  &c.  &c.  be  the  corresponding  virtual 
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then  rfl,a,=ra.^,,  ra^a3  =  ra^^^  &c.  &c.  from  the  nature  of  reactions. 
Also  Va^a,=  —  ^0^,*  ^0,0,=  —^a^u  &c.,  which  wc  must  shcw. 
Let  J  and  B  be  • 

the     particles     dis-  __^ - — 

placed  to  a  and  ^.    ^  "  a  '* 

Draw  tlie  perpendiculars  ap,  hq.  Then  if  the  line  ah  is  parallel 
^  AB,  the  point  to  be  proved  is  evidently  true.  When  ah  is 
Dot  parallel  to  AB^  let  them  meet  when  produced,  if  necessary, 
in  some  point  C,  Since  the  displacements  are  indefinitely  small, 
the  perpendiculars  apy  bq  coincide  with  circular  arcs  having  C 
for  center,  and 

Ca=Cp  Cb=Cq 

but  Ap  =  Cp-  CA  =  Ca-  CA 

Bq  =  Cb-CB=z(Ca  +  ab)-{CA  +  AB) 
^Ca—CA  ,  .  .  since  ^^=a6 
=Ap,  but  measured  in  the  opposite  direction 
o  the  reaction  of  ^  upon  A,  and  is  therefore  negative. 

Let  the  sum  of  the  products  of  all  the  external  forces  into 
their  virtual  velocities,  acting  on  particle  Ai  be  5'(Pa, .  Va^) 
those  on     -     -     A^he  X{Pa,,Va^ 
those  on     -     -     A^  be  5'(Pa,«t^oJ 

&c.  &c. 

those  on     -     -     A^  be  S{Pa^»  VaJ) 
Since  each   particle  is  in  equilibrium  from  the  action  of  the 
forces  upon  it,  we  have  from  the  first  case, 

0  =  ^(Pa, .  VaJ  +  r«,fl, .  t?a,o,  +  Ta^a^  •  Va^a,  +  &C. 

0  =  Z(P«,.  ©ij  +  r^,.  r«,a,  +  roy,,.  p«^  +  &c. 

0  =  5'(P«, .  tJoJ  +  Ta^t .  Va^t  +  T^^  •  Va^  -f  &C. 

&C.  &C. 

0  =  S{Pa^  .  VaJ  4-  r„^a,  •  f«„.,  +  r^^n,  •  P«„  *,  +  &C. 

In  taking  the  sum  of  the  products  for  all  the  particles,  the 
products  of  the  reactions  into  their  virtual  velocities  will  disap- 
pear, being  in  pairs  equal  in  magnitude  with  contrary  signs; 
thrnfore  we  have, 
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or  generally,  when  there  is  equilibrium, 

27,  Conversely.  If  the  sum  of  the  products  of  the  forces 
into  their  virtual  velocities  be  equal  to  zero,  or  ^(P.?;)  =  0,  then 
there  will  be  equilibrium. 

For  if  the  forces  be  not  in  equilibrium,  they  will  be  equiva- 
lent either  to  a  single  force  or  a  single  couple.     (Art.  24.) 

In  the  first  case,  let  R  be  the  single  resultant  force,  then  a 
force  equal  and  opposite  to  R  will  reduce  the  system  to  equili- 
brium ;  let  u  be  its  virtual  velocity  for  any  displacement.  Since 
there  is  now  equilibrium,  we  have,  by  the  preceding  article, 

^{P.v)+R\:u=0 

But  by  hypothesis  ^{P.v)=0  .*.  R,u  =  0  ;  which  being  true  for 
all  small  displacements  of  the  body,  we  must  have  J?  =  0,  or  the 
body  was  in  equilibrium  from  the  action  of  the  original  forces. 

In  the  second  case,  if  the  forces  were  equivalent  to  a  result- 
ant couple,  it  would  be  balanced  by  an  equal  and  opposite 
couple.  Let  the  forces  of  this  opposite  couple  be  Q  and  Q',  and 
their  virtual  velocities  for  any  displacement  be  q  and  q'  respec- 
tively. Since  they  will  reduce  the  system  to  equilibrium,  we 
have  by  the  preceding  article 

I!{P.v)  +  Q.q-\-a.q'  =  0 

but  ^{P,v)  =  0  .-.  Q.q+Q\  q'^=0  for  all  displacements,  which 
is  impossible  unless  Q  and  Q'  each=0,  since  they  are  equal  and 
parallel  forces,  and  act  at  difierent  points. 


CHAPTER  V. 


ON  THECCENTBR  OF  GRAVITY. 


[E^( 


rA 


28.   The  center  of  gravity  of  a  body  is  that  point  at  which  the 
thole  tveight  of  a  body  may  he  considered  to  act,  and  would  pro- 
duce  the  same  mechanical  effect  as  the  weight  of  the  body  actually 
does. 


The  weights  of  all  the  particles  of  a  body,  acting  vertically 
downwards,  are  parallel  forces,  so  that  the  center  of  gravity  co- 
incides with  the  center  of  parallel  forces  for  such  weights. 

I'loiii  the  definition  it  arises,  that  if  the  center  of  gravity  of 

a  body  be  a  fixed  point,  the  body  will  balance  about  that  point 
1  all  positions.  This  property  of  the  center  of  gravity  often 
.rnishes  the  means  of  determining  its  position  practically.  In 
gular  and  symmetrical  figures,  as   cubes,  spheres,  cylinders, 

thin  plates  wliich  are  circular,  elliptic,  or  regular  polygons,  &c. 

it  is  evidently  the  center  of  the  body,  or  point  about  which  it  is 

symmetrical. 

,^     29.  Prop.     If  a  body  be  in  equilibrium^  suspended  from  any 
point,  or  resting  with  one  point  of  contact  upon  another  body, 
'icn  the  center  of  gravity  lies  in  the  vertical  line  through  that 
tint  qfr suspension  or  contact  respectively. 

A 

Let  A  in  the  figures  be 
*he  points  of  suspension  and 

»ntact  respectively  ;  draw 
the  vertical  lines  Aw.  If  the 
whole  weight  of  the  body  act 
in  these  vertical  lines,  it  will 

<•   supported  by   the   reac- 

ions  of  the  fixed  points  y/, 

r  when  the  centers  of  gra- 
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\ity  g  are  in  these  lines.  If  the  centers  of  gravity  were  not  in 
these  lines,  but  at  some  points  as  g' ;  drawing  the  vertical  lines 
g'm  through  g  y  and  the  horizontal  lines  Airty  then  Wy  the  weight 
of  the  body  acting  at  g\  would  have  a  moment  w  x  Am,  which 
being  unbalanced,  the  body  could  not  be  in  equilibrium,  con- 
trary to  the  supposition. 

Definitions.  A  body  is  said  to  rest  in  stable  equilibrium 
when,  after  receiving  a  slight  disturbance,  it  returns  to  its  first 
position. 

It  is  said  to  rest  in  unstable  equilibrium  when,  after  receiv- 
ing a  slight  disturbance,  it  moves  from  its  position  of  equilibrium. 

It  is  said  to  rest  in  neutral  equilibrium  when,  after  being  dis- 
turbed slightly,  it  still  rests  in  equilibrium. 

30.  Prop.  When  a  tody  re^sfmi  stable  equilibrium,  its 
center  of  gravity  is  in  the  "lowest  ^^tmion  it  can  take ;  and  when 
in  unstable  equilibrium,  it  is  in  the  highest  position  it  can  take. 

In  the  first  figure  of  the  last  article  the  body  rests  in  stable 
equilibrium,  and  the  center  of  gravity  g  would,  on  disturbance, 
describe  a  circular  arc  about  the  point  of  suspension  A,  and 
therefore  would  rise  on  the  body  being  disturbed.  In  the 
second  figure  also,  if  the  equilibrium  be  stable,  the  center  of 
gravity  will  rise  on  disturbance,  from  the  change  of  the  point 
of  contact  from  ^  to  a  neighbouring  point.  In  the  annexed 
figures,  whilst  the  vertical  lines  through 
the  centers  of  gravity^  pass  through  the 
points  of  suspension  or  contact  A,  the 
body  will  rest  in  equilibrium ;  but  on  a 
small  disturbance  being  given  to  the 
bodies,  the  centers  of  gravity,  falling  out 
of  the  vertical  lines  through  the  points 
of  suspension  and  contact,  will  come  to 
a  lower  position  than  at  first,  and  the 
weight  will  have  a  moment  turning  the 

body  further  from  its  position  of  equilibrium,  which  therefore 
in  this  case  is  unstable. 
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3i,  Prop.     To  find  the  conditions  that  the  equilibrium  may 
he  stable,  unstable,  or  neutral,  when  the  spherical  surface  of  a 

body  rests  upon  another  spherical  surface, 

.* 

Let  y/  be  the  point  of  contact  of 
the  spherical  surfaces,  C  the  center 
of  the  upper  surface,  O  that  of  the 
lower.  Let  CA  =  r,  OA  —  r\  Lei 
the  body  receive  a  small  disturbance, 
so  that  the  point  C  comes  to  C  in' 
the  plane  of  the  figure,  and  the  point 
of  contact  is  now  B,  A'  being  the 
new  position  of  ^.  Join  O  and  C , 
then  OC'  =  r,  +  r,  Draw  Bb,  a  ver- 
tical line*  meeting  C'A'  in  b.  Then 
if  the  cerfter  of  gravity  of  the  body 
falls  between  A'  and  b,  as  at  y  in  the 
figure,  tjve  .equilibrium  will  be  stable,  for  the  moment  of  the 
weight  ^)  of  the  body  will  bring  the  body  back  to  its  first  posi- 
tion. If  the  center  of  gravity  falls  beyond  b  from  A',  as  at  y, 
the  vertical  line  through  y  will  fall  beyond  B,  and  the  moment 
of  the  wcight^will  cAuse  the  body  to  move  further  from  its  first 
position,  and  the  equilibrium  will  be  unstable. 

If  the  vertical  line  through  the  center  of  gravity  passes 
1  rough  6,  tike  body^  will  be  still  in  equilibrium,  which  is  there- 
re  neutral/ 

tlic  displacement  is  indefinitely  small.  A'  will  be  inde- 
t,  and,  by  similar  triangles,  we  hnve 
b'^AC  ::  OB:  OC 
b  :  r  ::  r  :  r-\-r 


When 


^', 


',A'b  = 


rr 


r-^r 


consequentlyy  when  Uie  equilibrium  i 

stable,  Ay  is  less  than  . 

unstable,  Ay  is  greater  than  - — ; 

neutral,  Ay  is  equal  to         , 
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fig.  1. 


fig.  2. 


When  the  lower  surface  is  a  horizontal  plane,  the  radius  of  the 
body  at  the  point  of  contact  is  always  vertical,  and  the  equili- 
brium is 

stable,  when  Ag  is  less  than  r; 

unstable,  when  Ay'  is  greater  than  r; 

neutral,  when  Ag  is  equal  to  r. 

32.  Prop.     To  Jind  the  condition  that  a  body  placed  on  a 
plane  surface  may  stand  or  fall. 

Let  figures  1  and  2 
represent  the  sections  of 
bodies  by  vertical  planes 
through  their  centers  of 
gravity  (^),  which  rest  on 
a  horizontal  plane. 

Let  figures  3  and  4  re- 
present, similarly,  bodies 
resting    on     an    inclined 
plane,  down  which  they 
are  prevented  from  slip- 
ping by  friction. 


fig.  3. 


fig.  4. 


Drawing  vertical 
Mnes  through  the  cen- 
ters of  gravity  of  the 
bodies,  they  will  be  the 
directions  in  which  the  ^ 

weight  of  each  acts,  as  ^  ei;  in  the  figures. 

Now,  in  figures  1  and  4  the  weight  cannot  cause  the  body 
to  turn  about  either  A  or  5  in  figure  1,  or  G  ov  H  in  figure  4, 
because  its  effect  is  destroyed  by  the  resistance  of  the  plane. 
But  in  figures  2  and  3  the  weight  will  have  a  moment  about  D 
in  figure  2,  and  about  E  in  figure  3,  which  is  not  neutralised  by 
the  resistance  of  the  plane,  and  the  bodies  consequently  will  fall 
over. 

The  condition,  therefore,  that  a  body  placed  on  a  plane  shall 
stand  or  fall  is,  that  the  vertical  line  through  its  center  of  gra- 
vity falls  within  or  without  the  base,  respectively. 
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TO  FIND  THE    POSITION  OF  THE  CENTER  OF  GRAVITY  IN  SYSTEMS 
OF  PARTICLES  AND  IN  RIGID  BODIES. 

S3,  Prop.  To  find  the  center  of  gravity  of  any  number  of 
heavy  particles  whose  places  are  given. 

Let  J,  By  C,  Z),  E,  &c.  be  the 

particles  whose  weights  Wi,  ir^,  w^^ 
&c.  act  in  the  vertical  direction  ^ 
indicated  by  the  arrows  from  ^, 
B,  C,  &c.  and  therefore  consti- 
tute a  system  of  parallel  forces,  e^, 
tPi  and  ?t'2  will  have  a  resultant 
=  u'l  +  Wo  acting  at  a  point  o,  such 
that  Wi  xAa  =  iV2  x  Ba,    (Art.  1 2.) 

Compounding  the  weight  Wi-^W2  at  a  with  another  weight 
tt'3  acting  at  C,  they  will  have  a  resultant  =  w^  -\-  iV2  + 1^3  acting 
at  a  point  6,  such  that 

{wi  -f  M'2)  xab  =  w-^x  Cb 

Compounding  the  weight  Wi  +  w^  +  w^  acting  at  3,  with  another 
weight  w^  acting  at  D,  we  should  find  the  point  at  which  the 
resultant  Wi-\-W2-\-W3-^w^  acted,  and  so  onwards  for  any  num- 
ber of  particles  whose  positions  were  given. 

The  position  of  the  point  at  which  the  final  resultant  weight 
acts  is  thus  determined,  and  is  the  same  point  whatever  be  the 
order  in  which  we  compound  the  weights ;  so  that  a  system  of 
particles  or  a  rigid  body  can  never  have  more  than  one  center  of 
gravity. 

The  positions  of  the  points  a,  b,  &c.  depend  on  the  weights 
Wif  w^t  w'3,  &c.  and  on  the  positions  of  the  points  y/,  J9,  C,  Sec. 
with  respect  to  each  other,  but  not  at  all  on  the  directions  of  the 
arrows  with  regard  to  the  lines  JBf  aC,  &c.;  so  that  gravity 
acting  vertically  downwards,  we  may  turn  the  whole  system  into 
nny  new  position,  the  weights  and  relative  positions  of  the  par- 

icles  remaining  the  same,  and  shall  find  the  center  of  gravity  in 

lie  same  point  as  before. 
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Cor.  If  the  center  of  gravity  of  a  system  of  particles  rigidly 
connected,  or  of  a  rigid  body,  be  supported,  the  whole  system 
will  be  supported,  and  the  system  or  body  will  balance  about 
the  center  of  gravity  in  all  positions. 

34.  If  the  positions  of  the  particles  be  given  with  respect  to 
a  fixed  origin  and  co-ordinate  axes,  we  should  find  the  position 
of  the  center  of  gravity  by  the  same  process  as  in  article  16 ;  the 
weights  of  the  particles  being  the  forces,  and  the  whole  weight 
of  the  body  being  the  resultant,  or  the  sum  of  the  weights  of 
all  the  particles. 

If  m  =  the  mass  of  any  particle,  and  therefore  proportional 
to  its  weight,  x,  y  its  co-ordinates,  and  ^,  y  the  co-ordinates  of 
the  center  of  gravity  of  the  system,  we  have,  by  article  16, 

_  _  X{m .  x)  .  _  rriiXi  -\-  m^x^  +  in^x^  4-  &c. 

^[m)      '    '    '  w^l  +  w?2  +  mg -I- ^c. 

_  ^{m.y)    ^    ^        ^^  _  m^yi  +  lyzgy^  +  m^j/s  +  &c. 

where  Xi,  yi  are  the  co-ordinates  of  the  particle  my\  j?2j  V-z  those 
of  7)12,  &^c.  &;c.  If  the  particles  are  all  in  the  axis  of  x,  y^  =  0, 
^2  =  0,  &c.  &c.  andy  =  0. 

35.  The  formulae  of  the  last  article  are  applicable  to  the  so- 
lution of  problems  where  the  centers  of  gravity  of  the  parts  are 
given  to  find  the  center  of  gravity  of  the  whole  body,^  and  where 
the  centers  of  gravity  of  the  whole  body  and  some  *of  the  parts 
are  given,  to  find  the  center  of  gravity  of  the  remaining  part ; 
for  the  weight  of  each  part  being  taken  afits  center  of  gravity, 
we  treat  the  problem  as  if  a  heavy  particle  of  that  weight  were 
placed  there.  Thus,  let  M  equal  the  whole  mass  of  a  body;  ci?,  y 
the  co-ordinates  of  its  center  of  gravity ;  M^,  M^,  <i?i,  77ij  ^'t^  pzi 
the  corresponding  quantities  for  its  two  parts ;  we  have 

""-  W  'f-         M 

If  i¥,  ikfi,  and  x,  y,  x^,  y^,  wefe  given,  we  have 

_  Mx-M^Xi  -  __  My-M,y, 
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36.  Ex.  1.     To  find  the  center  of  gravity  of  a  uniform  physi- 
cal  straight  line. 


If  AB  be  the  uniform  straight  a_ 


line,  it  will  balance  on  a  fulcrum  or 

fixed  point  at  C  its  middle  point,  which  will  be  its  center  of 
gravity  by  art.  28 ;  for  we  may  consider  the  line  as  made  up  of  a 
series  of  equal  particles  in  pairs,  at  equal  distances  on  opposite 
sides  of  C,  and  the  weights  of  each  pair  would  have  their  result- 
ant weight  acting  at  C,  the  middle  point  between  them,  or  tlie 
resultant  weight  of  the  whole  line  would  act  at  C;  and  this 
weight  being  supported  by  the  reaction  of  the  fulcrum,  the  line 
will  be  supported,  and  its  center  of  gravity  will  be  at  C,  its 
middle  point. 

px.  2.  To  find  the  center  of  gravity  of  a  triangular  plate,  of 
uniform  thickness  and  density. 

Let  yl B  C  be   the  triangular 
plate   of  which  the    thickness   is 
inconsiderable.    Draw  from  C  the 
line  CD  bisecting  AB  in  D,  and 
from   B  the   line   BE  bisecting 
AC  in  E.     Let  G  be  the  inter- 
section of  CD  and  BE,  then  G  is  ^ 
the  center  of  gravity  of  the  triangle.     For  we  may  consider  the 
triangle  to  be  made  up  of  physical  lines,  each  parallel  to  AB; 
let  adb  be  any  one  of  these  lines,  meeting  CD  in  d,  which  will 
be  its  middle  point,  because  by  similar  triangles  we  have 
CdidaiiCDiDA 

iiCDiDB 

::Cd:db 
The  line  ah  has  therefore  its  center  of  gravity  at  d, 

Siiiiiiany  it  is  shewn  that  every  line  parallel  to  AB  will  be 
bisected  by  CD,  and  have  its  center  of  gravity  in  that  line;  therc- 
!  ore  the  center  of  gravity  of  the  triangle  will  be  in  this  line. 

In  the  same  way  it  is  shewn  that  the  center  of  gravity  will 
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be  in  the  line  BE:  consequently  it  must  be  at  the  intersection 
of  these  lines,  or  at  the  point  G  in  the  figure. 

Join  the  points  D  and  E.  The  line  DE  is  parallel  to  BC, 
because  the  sides  AC 3  AB  are  cut  proportionally  in  D  and  Ey 
and  DE  =  ^,BC. 

Also  the  triangles  EDG,  BCG  are  similar. 
.-.  EDiBCi.BG:  CG 
::\:2 
or,  DG  =  i.CG  =  i,CD 
So  also,  EG  =  i.BE 

Therefore  to  find  the  center  of  gravity  of  a  triangular  plate, 
we  draw  a  line  from  any  angle  to  the  middle  of  the  opposite 
side,  and  measure  along  this  line  §  its  length  from  the  angle,  or 
J  from  the  bisection  of  the  side,  and  the  point  so  found  is  the 
center  of  gravity  required. 

Ex.  3.  To  find  the  center  of  gravity  of  a  parallelogram  of 
which  the  density  is  the  same  at  every  pointy  and  the  thickness 
uniform  hut  very  small. 

Let  ABCD  be  the  parallelogram ;  d        d      k  c 

bisect  the  sides  AD,  BC  in  E  and  F, 
and  join  EF;  also  bisect  AB  and  CD 
in  H  and  K,  and  join  UK;  let  G  be 
the  intersection  of  EF  and  HK,  then 
G  is  the  center  of  gravity  of  the  paral- 
lelogram. 

For  the  parallelogram  may  be  considered  made  up  of  physical 
lines  as  ad  parallel  to  AD;  each  of  these  will  be  bisected  by  the 
line  EF,  and  therefore  the  center  of  gravity  of  the  parallelogram 
will  be  in  this  line.  Similarly,  the  center  of  gravity  will  be  in 
the  line  UK,  and  is  therefore  the  point  G  at  the  intersection  of 
these  lines. 

It  is  also  evidently  the  intersection  of  the  diagonals  of  the 
parallelogram. 
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Ex.  4.     To  find  the  center  of  gravity  of  a  polygojial  plate,  of 
uniform  density  and  thickness. 

Let  ABCDEF  be  the  poly- 
gon. Draw  the  lines  AE^  AD, 
ACf  dividing  it  into  triangles. 
When  the  polygon  is  given, 
these  triangles  will  be  known, 
and  their  centers  of  gravity  will 
be  found  by  Ex.  2.  Let  ^i,  g^^ 
9zi  94i  ^e  these  centers  of  gra- 
vity respectively.     We  may  con- 

Ider  the  mass  of  each  triangle 
as  a  heavy  particle  at  its  center  of  gravity.  Compounding  the 
masses  at  gi  and  g2,  by  art.  3S,  their  center  of  gravity  will  be  at 
some  point  as  G'  in  the  line  joining  gi  and  ^2*  Compounding 
the  mass  of  the  two  triangles  at  G'  with  the  mass  of  the  next 
triangle  at  ^3,  we  shall  have  the  center  of  gravity  of  the  three 

!  iangles  at  some  point  as  G",  and  so  onwards ;  the  last  point  so 
lound  will  be  the  center  of  gravity  G  of  the  whole  figure. 

Ex.  5.   To  find  the  center  of  gravity  of  a  triangular  pyramid, 
'^f  uniform  density. 

Let  A  BCD  be  the    triangular 

pyramid.     Bisect  the  edge  BC  in 

E,  and  draw  the  lines  AE,  DE; 

in  AE   take    Af  =  ^AE,   in   DE 

take  De  =  ^DE,  then  e  and  /  are 

the  centers  of  gravity  of  the   tri- 

1  ir  faces  of  the  pyramid  DCB, 

/'      respectively.     Join  T^,  Ae; 

hese  lines  intersect  in  a  point  G, 

which  is  the  center  of  gravity  of 

the  pyramid. 

For  we  may  consider  the  pyramid  made   up  of  triangular 

plates  parallel  to  any  one  of  its  faces.     Let  abc  be  such  a  plate 

parallel  to  the  face  ABC,     The  parallel  planes  meet  the  piano 

DCB  in  cb,  CB,  therefore  these  lines  are  parallel,  and  cb  is  bi- 

-cted  by  the  line  DhE  in  h;  for 
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Dh:ch'.:DE:CE 
'.'.DE'.EB 

::Dh',hh 
therefore  ch  =  hb. 

Similarly,  the  lines  ah  and  AE  are  parallel,  and  Df,  a  line  in 
the  plane  of  the  triangle  AED,  cuts  them  proportionally.  Let 
^  be  the  intersection  of  Df  and  ah, 

Dg'.ag::Df;Jf 
ar^d  ghiDff'.ifEiDf 
Compounding,  gh:  ag  -.:  fE  :  Af 
::1:2 
therefore  g  is  the  center  of  gravity  of  the  triangle  ahc.     Simi- 
larly it  may  be  shewn  that  the  center  of  gravity  of  every  section 
parallel  to  ABC  is  in  the  line  Df,   .  In  the  same  way  it  may  be 
shewn  that  the  center  of  gravity  of  every  section  parallel  to  the 
face  BCD  is  in  the  line  Ae.     The  center  of  gravity  of  the  whole 
pyramid  must  therefore  be  in  each  of  these  lines,  which  are  both 
in  the  plane^^Z).     Let  G  be  the  intersection  o^  Ae  and  Df  or 
the  center  of  gravity  of  the  pyramid ;  join  fe.     Since  AEj  DE 
are  cut  proportionally  in  e  and  /,  ef  is  parallel  to  AD,  and 

ef'.ADixfEiAE 
::1:3 

Also  the  triangles  AGD,  fGe  are  similar,  and 
ferAD'.'.fG:  GD 
::1:3 
or,  fG=iGD  =  iDf  and  DG  =  iDf 

Simi\sir]y  eG  =  lAe,  and  AG =^Ae 

Or,  to  find  the  center  of  gravity  of  a  triangular  pyramid,  we 
must  draw  a  line  from  any  one  of  the  solid  angles  to  the  center 
of  gravity  of  the  opposite  face,  and  measure  J  of  that  line  from 
the  angle  for  the  point  required. 

Ex.  6.  To  find  the  center  of  gravity  of  a  pyramid  whose 
base  is  any  polygon. 

Let  BCDEF  be  the  polygon  which  is  the  base  of  the  pyra- 
mid whose  vertex  is  A,     Joining  CF  and  DF,  we  divide  the 
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polygon  into  triangles,  and  planes 
passing  through  CF,  DF,  and  the 
vertex  .4,  will  divide  the  pyramid 
into  triangular  pyramids.  Draw- 
iig  a  line  from  A  to  the  center  of 
gravity  of  any  one  of  the  triangular 
bases,  and  measuring  j  of  that  line 
from  j4f  we  shall  have  the  center 
ij{  gravity  of  the  triangular  pyra- 
mid on  that  base.  If  we  take  a 
plane  bcdef  through  this  point  pa- 
rallel to  the  base,  it  will  cut  all 
lines  drawn  from  A  to  the  poly- 
gonal base  in  the  same  proportion,  and  therefore  the  centers  of 
gravity  of  all  the  triangular  pyramids  will  be  in  this  plane,  and 
consequently  the  'center  of  gravity  of  the  whole  pyramid  also, 
because  the  mass  of  each  pyramid  may  be  considered  a  heavy 
pnrtif]<'  :\t  its  center  of  gravity. 


Again.     If  ^  be  the  center  of  gravity  of  the  polygon,  and  we 
oin  Jg^  it  can  be  shewn  that  the  center  of  gravity  of  every  sec- 
nun  parallel  to  the  base  will  be  in  the  line  Jg,  and  therefore  the 
•  nter  of  gravity  of  the  whole  pyramid  will  be  in  this  line;  and 
since  it  is  also  in  the  plane  bcdefy  it  is  at  the  point  G  where  Jg 
meets  the  plane. 

Hence,  to  find  the  center  of  gravity  of  any  pyramid  on  a 
polygonal   base,  we   must  draw  a  line  from  the  vertex  to  the 
•nter  of  gravity  of  the  polygon,  and  measure  J  of  it  from  the 
rrtex,  or  i  from  the  base. 


Cor.     The   above  rule   holds  good  whatever  may  be  tlie 

limber  of  sides  of  the  polygon,  and  is  therefore  true  when  the 

number  becomes  indefinitely  great,  or  when  the  base  becomes  a 

continued  closed  curve,  as  a  circle,  an  ellipse,  oval,  &c.     Or,  the 

center  of  gravity  of  a  cone,  right  or  oblique,  and  on  any  base,  is 

*'ound  by  drawing  a  line   from   the  vertex  of  the  cone  to  the 

-nter  of  gravity  of  the  base,  and  measuring  }  of  the  line  from 

he  vertex,  or  }  from  the  base. 
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Ex.  7.  To  find  the  center  of  gravity  of  a  frustum  of  a  cone 
or  pyramid  cut  off  by  a  plane  parallel  to  the  base. 

Let  the  length  of  the  line  drawn  from  the  vertex  of  the 
cone,  when  complete,  to  the  center  of  gravity  of  the  base  =  a. 
Let  the  length  of  the  same  line  to  where  it  meets  the  smaller 
end  of  the  frustum  =  a.     Using  the  formula  of  article  S5,  we 

have 

_  __  M^—M^Wi 

where  .f =|a,  i?i  =  |a . 

Also.  Similar  solids  have  their  volumes  proportional  to  the 
cubes  of  their  lines  similarly  situated,  and  the  part  of  the  cone 
or  pyramid  cut  off  by  a  plane  parallel  to  the  base  is  similar  to 

the  whole  cone  or  pyramid,  therefore  we  have-Tr-^  =  -^, 
^•^  ^        M     a^ 


and  M2  =  M-M,  =  M(l  --^^ 

a^f 


and  ^o  = 


^(^-3 


^..4_.'4. 


a'*—a'*< 


^    a^  +  aa+a^ 

which  gives  the  distance  of  the  center  of  gravity  from  the  vertex 
of  the  cone  or  pyramid;  and  the  distance  from  the  center  of 
gravity  of  the  base  along  the  same  line  is 

Ja  +  a){a^  +  a"')  _  a  Sa'^ 

Ex.  8.     To  find  the  center  of  gravity  of  the  perimeter  of  a 
given  triangle  in  terms  of  the  co-ordinates  of  its  angular  points. 

"We  suppose  the  perimeter  of  the  triangle  to  be  three  uni- 
form  physical   lines  whose  weights   are   proportional   to  their 
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//  = 


lengths.    Let  a,  6,  c  be  the  sides  respec- 
tively opposite  to  the  angles  j4,  B,  C.  ' 
The  centers  of  gravity  will  be  each  at 
the  middle  point  of  the  side,  as  at  ^i,  ^.>, 
^3,  in  the  figure. 

Let  a?!  yi  be  co-ordinates  of  A  to  origin  O 
x^iji       .        .        .       B  o 

x^yz       .        .        .        C  ' 

then  the  co-ordinates  of  ^i  are  K^g  +  Xs),  \{y2-^yz) 
^2  are  K-^i  +  ^s),  liyi+Vz) 
5^3  are  \{x^  +  x.^,  Kl/i  +  y-z) 
and  .f ,  ^  being  the  co-ordinates  required,  the  formulae  of  Article 
34  give  us 

-  _  a(x.j  -f-  X3)  +  b{xi  +  X3)  +  c(j?i  4-  J?2) 
''"  2(a  +  6-|-c) 

Ex.  9.     To  find  the  co-ordinates  of  the  center  of  gravity  of  a 
triangular  plate. 

Let  Xiyii  x^^y  x^y^  be  the  co- 
ordinates of  the  points  A,  By  C  re- 
spectively. 

Let  the  line  AD  bisect  ^C  in  D; 
the  center  of  gravity  being  Gy  we 
have  AG  =  ^AD,  The  co-ordinates 
of  D  are  JCorg  +  Xg),  ^^2+^3);  and 
i(  ^=ONy  y=GNy  be  the  co-ordi- 
nates of  Gy  wc  have 

ON^OL^iiOM-OL) 
GN^AL\ \{T>M-AL) ; 
or,  .r=  x,  +  f  {^(jJs  +  Xa)— X,} 

=  i(x,+X8  +  X3) 
Similarly,  y  =  i(yi  +y,  +^3) 

Ex.  10.     To  find  the  center  of  gravity  of  the  surface  of  a 

right  cone. 

We   consider    tiic    suiiacc    oi    uiu   COnC   as   a   sIhhI    01    iii;uU-i 

equally  dense   at  every  point ;    and  as  it  is  symmcUical  with 
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respect  to  the  axis  of  the  cone,  its  center  of 
gravity  must  be  in  that  line. 

Again.  If  we  draw  the  straight  lines  Ab, 
Ac,  from  the  vertex  to  the  circumference  of 
the  base,  so  that  ic  is  an  indefinitely  small 
arc,  the  center  of  gravity  (g)  of  the  triangle 
Abe  is  at  a  distance  Aff  from  A=^Ab,  This 
is  true  for  every  such  elementary  triangle  b^ 
which  can  be  formed  on  the  surface  of  the 
cone ;  or  their  centers  of  gravity  are  in  a  circle  whose  center  is 
G  in  the  axis  AD\oi  the  cone,  such  that  AG  =  ^AD;  and  G  is 
the  center  of  gravity  of  the  surface  of  the  cone  required. 


EXAMPLES  ON  THE  PRECEDING  CHAPTERS. 

Ex.  1.  Two  beams,  connected  together  .at  a  given  angle, 
turn  about  a  horizontal  axis  at  their  point'  of 'meetings; -^find  the 
position  of  equilibrium  which  they  will  take'  by  the  action  of 
their  own  weights. 


Let  AC,  BC  be  the  beams 
suspended  from  C,  and  inclined  to 
each  other  at  an  angle  a.>  SincQ 
C  is  a  fixed  point,  the  only  con- 
dition of  equilibrium  is,  that  theA' 
moments  of  the  weights  about  C  Jk 
may  balance.     /  iPi 


W| 


L^t  ^1,  ^2  he  centers  of  gravity  of  the  beams,  and  giC  =  a, 
g^C  =b.  Let  Wi  =  weight  of  beam  AC  acting  at  gi\  W2  that  of 
BC  acting  at  ^2-  Draw  MCN,  a  horizontal  line,  meeting  the 
vertical  lines  in  which  the  weights  of  the  beams  act  in  M  and  N, 


In  equilibrium  we  have  Wi  x  CM=  w^  X  CN,     Let  6  =  angle 
BCN,  which  is  to  be  found ;  we  have 
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Wi  X  Cgi  COS.  J  CM  =  ti;^  x  C^g  cos.  BCN 
or,  wiacos,  (180— a +  ^)  =  1^36  cos.  6 


whence  tan.  9  = 


Wo  h  +  tvia  COS.  a 


Wya  sin.  a. 
which  gives  the  position  of  the  beam  as  required. 

Ex.  2.     When  a  given  weight  (W)  is  hung  from  the  end  of 
one  of  the  beams  (A),  as  in  the  last  question,  shew  that 
/?  _  W2b  +  {JV.JC-\-Wia)cos,a 
(fV,  AC -hwia)  sin,  cc 

Ex.  3.  Two  beams,  as  in  Ex.  I,  are  suspended  from  (B) 
one  end:  shew  that  if  6  be  the  angle  which  the  upper  one  makes 
with  a  horizontal  line,  we  have  in  equilibrium, 

^      (wi-\-  tvo)  BC — {ii\2  b-^Witt  cos.  a) 

tan.  6  =  ^^— 5^ ^-^ 

Wi  a  sm.  a 

Ex.  4.  Two  spheres  of  unequal 
radii,  but  of  the  same  material,  are 
placed  in  a  hemispherical  bowl;  find 
the  position  they  take  when  in  equili- 
brium. 

N.B, — This,  and  similar  problems 
of  bodies  resting  in  equilibrium  in  a 
hemispherical  bowl,  can  be  reduced  to  problems  like  the  pre- 
ceding. For  if  the  center  of  the  hemisphere  C  in  the  figure 
were  a  fixed  point,  and  connected  by  rigid  rods  AC,  BC,  with- 
out weight,  to  the  centers  of  the  spheres,  we  might  suppose  the 
hemisphere  removed  without  changing  the  conditions  of  equili- 
brium. 

Let  2Ci  and  n:^  be  the  weights  of  the  spiicrcs  A  and  7^,  whose 
:  idii  are  r,  and  r>  respectively.  Let  Jt  be  the  radius  of  the 
bowl.  Then  if  the  angle  ACB  =  ei  in  triangle  ABC,  we  have 
^i^  =  r,4-rj,  AC  =  R-ri,  BC=R-r^, 

AC^^-BC^-AB^ 


and 


COS.  a  = 


2AC.BC 


2(72 -rO  (/e -r,)  '  ^^""^^  ^'''^'' 


\ 
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The  position  of  the  spheres  will  be  known  if  the  angle  BCN 
be  known;  let  it  =  6,  The  weights  are  proportional  to  the 
volumes  of  the  spheres,  or  to  the  cubes  of  the  radii ; 


or 


Wx 


,        =  -L,  and  Wy  x  CM 
W2      r.2^ 


w^xCN 


or,  Wi{R  —  ri)  cos.  (180— a  H-^)  =  n}2{R  —  r.^  cos.  B 

whence  tan.  0  ^rAR-n)  +  r,\R-r,)cos.u 
ri^{Ji—r{)^\n,  a. 

Ex.  5.  A  heavy  beam  has  one  end  resting  against  a  smooth 
wall,  and  the  other  tied  to  a  cord  which  is  fastened  at  a  point 
directly  above  the  point  where  the  beam  rests;  find  the  forces 
which  keep  the  beam  in  equilibrium. 

Let  CB.  be  the  beam  in  the  figure,  AB  the  cord ; 
A  and  C  being  points  on  the  wall.  The  weight  of 
the  beam  {w)^  the  distance  [Cg  =  d)  of  the  center  of 
gravity  from  the  end  against  the  wall,  the  length  of  ^ 
the  beam  (Z),  the  length  of  the  cord  (c),  and  the  dis- 
tance  (h)  of  the  points  A  and  C  must  be  given.  The 
angles  A,  B,  C,  will  be  known. 

Let  t  =  ttfe  tension  in  the  cord. 

The  beam  will  press  at  C  against  the  wall,  and  we 
may  resolve  this  pressure  into  a  vertical  and  horizon- 
tal part;  the  latter,  perpendicular  to  the  wall,  will 
be  destroyed  by  its  reaction  {B) ;  but  since  the  wall  is 
smooth,  the  vertical  component  can  be  balanced  only  by  an 
opposite  force  P. 

If  we  take  into  account  all  the  forces  which  act  on  the  beam, 
we  may  treat  it  as  a  free  body  in  equilibrium  from  their  action, 
and  apply  the  conditions  of  equilibrium  investigated  in  Chapter 
IV.,  namely : 

^(r)  =  o 

^{Xy-  Yx)  =  0 
Therefore,  resolving  the  forces  vertically  and  horizontally,  we 
have 
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E-tsin.J=0 

(2) 

53 


Since  the  origin  of  co-ordinates  may  be  taken  any  where,  we 
may  fix  it  at  a  point  where  we  avoid  moments  of  the  unknown 
forces  ;  therefore,  fixing  it  at  C,  we  have,  for  the  equation  of 
moments,  ^ 

tr  X  sin.  C  x  Cg  —  t  x  sin.  B  x  CB=0 

a. sin.  C 
or,  t=wj—. — j= 

a  c 

/    h 

which  gives  the  tension  in  the  cord. 

Substituting  in  the  equations  (1)  and  (2),  we  have 

(IC    .   • 
R  =  w  —  sin.  A,  which  gives  the  pressure  against  the  wall. 

QC 

P=tc{\  ——cos.  A),  which  gives  P,  as  required. 
Ill 


Ex.  6.     A  heavy  beam  rests   upon  a  peg,  with   one    end 
against  a  smooth  vertical  wall:  find  the  position  of  equilibrium. 

Let  ACB  be  the  beam,  resting  at 
A  against  the  vertical  wall  ADE,  and 
upon  the  peg  C, 

The  center  of  gravity,  wlien  there 
is  equilibrium,  will  be  evidently  at 
some  point,  as  g,  beyond  C  from  A, 

Let  w  =  the  weight  of  the  beam ; 
/^=  reaction  of  the  wall  perpendicular 

io  itself  at  A;  B!=  reaction  of  the  peg  perpendicular  to  the 
beam  at  C.  These  three  forces  keep  the  beam  in  equilibrium 
when  making  some  angle  0  with  the  horizontal  direction, 
wliicli  is  to  ])f'  <'-->.i. 


Let  y/^  =  a,  aiul  C7J  =  />  =  perpendicular  distance  of  the  peg 
from  the  wall,  wlilch  must  bo  Lnvtii. 
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Resolving  the  forces  horizontally  and  vertically,  we  have 
Il-R' sin.  6=0  (1) 

w-R'  cos.e=0  (2) 

Taking  the  moments  about  C,  we  have 

w,Cg  COS.  e-R,  CD. tan.  6=0  (3) 

or,  w[a—h  secant  6)  cos.  6— Rh.  tan.  6=0 

Multiply  (1)  by  cos.  6,  {2)  by  sin.  6,  and  subtract,  and  we  have 

R  COS.  6—w  sin.  ^=0 

.*.  R  =  w  tan.  6 

Substituting,  w{a  —  b  sec.  6)  cos.  6—whiQ.Ti.^6=0 

or,  acos.  ^— J(l+tan.2^)=0 

whence,  cos.  6=Xj  -^  and  h  must  be  less  than  a. 

Ex.  7.  Prove  that  in  the  last  question  the  same  result  is 
obtained  if  we  resolve  parallel  and  perpendicular  to  the  beam, 
and  take  the  moments  about  either  ^  or  ^  in  place  of  C 

Ex.  8.  A  heavy  beam  lies  partly  in  a 'smooth  hemisphe- 
rical bowl  and  partly  over  one  edge  :  find  the  position  of  equili- 
brium. 


.  Let  AB  C  be  the  beam,  rest- 
ing on  the  surface  of  the  hemi- 
spherical bowl  at  A,  and  on  the 
edge  at  B,  d 

Let  0  be  the  center  of  the 
bowl  DABf  whose  radius  =  r, 
and  BOD  horizontal. 

The  center  of  gravity  of  the 
beam  will  be  at  some  point  g  within  the  bowl.     Let  Ag  =  a. 

The  beam  is  supported  by  the  reaction  of  the  bowl  at  A 
perpendicular  to  the  surface,  or  in  ^0,  let  it  =  R;  by  the  re- 
action of  the  edge  at  B  perpendicular  to  the  beam,  let  it  =  R'  ; 
and  by  the  weight  of  the  beam  {w)  acting  at  g. 
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Let  ^= angle  ^50= angle  BAO,  which  is  to  be  found. 

By  the  artifice  of  resolving  in  the  direction  of  the  beam  and 
taking  moments  about  B,  we  avoid  expressions  involving  the 
unknown  reaction  M,  and  have,  parallel  to  AB, 

R  cos.  6—w  sin.  ^=0 

or,  R=.wtaxi,  6 

For  moments  about  B, 

R.JBsm,e-w.Bgcos,6=0 

or,  R,2r  COS.  ^.sin.  6^w{2r  cos.  ^— o)cos.  ^=0 

Substituting  for  R,  and  omitting  the  common  factors, 

2rtan.  ^.sin.  6-2r cos.  d  +  a=0 

whence  2r— 4  r  COS.*  ^ -fa  COS.  ^  =  0 


or,  COS.  6=-^= — 5 

in  which  the  +  sign  only  is  admissible. 

Ex.  9.  Solve  the  last  example  by  following  the  method  of 
Article  J24  in  every  step ;  taking  A  for  the  origin  of  co-ordinates, 
and  ylB  for  the  axis  of  x, 

Ex.  10.  Find  the  horizontal  strain  on  the  hinges  of  a  given 
door,  and  shew  that  the  vertical  pressures  are  indeterminate. 


Let  the  figure  annexed  represent 
the  door,  of  which  the  hinges  are  A 
and  B. 


A 


Let  g  be  the  center  of  gravity  at^ 
which  the  weight  (w)  of  the  door  acts. 

The  door  is  in  ccjuilibriuni  from  its 
weight  to  at  (/,  and  tlic  reactions  of  the 
hinges  represented  by  the  oblique  ar- 
rows at  A  and  B, 

Let  A  be  the  origin  of  co-ordinates 
as  in  the  figure  ;  Ax  the  axis  of  x;  Ay 


>r 


% 
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the  axis  of  y ;  and  let  a:  =  a,  ?/  =  6  be  the  co-ordinates  of  </, 
x-=0,  y  =  ]i  those  of  the  hinge  B, 

Let  the  resolved  parts  of  the  reactions  at  B  be  Qj  horizon- 
tally, and  Ry  vertically,  and  let  Q^,  K^  be  those  at  A  respec- 
tively, as  in  figure. 

Then,  5'(X)=0=Q2-Qi  ov,  Q,=  Q,  (1) 

^(Xy-Yx)=Q  =  tv.a-Q,Ji  (3) 

From  (3)  and  (1)  we  have 

which  gives  the  horizontal  strain;  and  it  is  the  same  at  each 
hinge  in  magnitude,  but  opposite  in  direction. 

Again.  From  (2)  we  have  R^-^-R^^^ui;  but  we  have  no 
other  relation  to  enable  us  to  determine  the  separate  values  of 
Ri  and  R^t  which  are  therefore  indeterminate. 

Ex.  11.  Two  given  smooth  spheres  rest  in  contact  on  two 
smooth  planes,  inclined  at  given  angles  to  the  horizon  ;  to  find 
their  position  of  equilibrium. 


Let  AB,  AC  he 
the  planes,  making  the 
angles  a  and  y3  respec- 
tively with  the  hori- 
zontal line  through'^. 


Let  Oi,  Og  be  the 
centers  of  the  spheres 
at  which  their  weights 
Wi  and  W2  respectively  act. 


Let  Ri  and  R.^  be  the  reactions  of  the  planes  at  the  points 
of  contact,  perpendicular  to  themselves,  and  therefore  passing 
through  the  centers  of  the  spheres  to  which  they  are  tangents. 
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Let  S  equal  the  mutual  pressure  of  the  spheres  at  their  point 
of  contact,  acting  in  the  line  passing  tlirough  their  centers ;  let 
this  line  O^  Oi  D  make  the  angle  0  with  the  horizontal  line 
ID.     It  is  reqiiired  to  find  6, 

Each  sphere  is  in  equilihrium  from  its  own  weight,  the 
reaction  of  the  plane  against  which  it  rests,  and  the  pressure  of 
tlie  other  sphere.  By  the  artifice  of  resolving  in  the  directions 
of  each  plane  for  the  equilibrium  of  each  sphere,  we  avoid  equa- 
tions involving  the  unknown  reactions  It^  and  li>,  and  have,  in 
the  direction  of  AB, 

W2S\n.  a  —  Scos.  (oc  —  0)=0  (1) 

in  direction  oi  AC, 

wi  sin.  13 -S  COS.  {13 +  e)=0  (2) 

I'^liminating  S,  we  have 

W2  sin.  a .  cos.  (^-\-6)  =  Wi  sin ,  /9 .  cos.  (a — 6) 

t  ^        /I     ZTosin.  a.cos.  yS— ?t'i  sin.^.cos.  a 

whence  tan.  0=— -. ; — ^. — - — : — ^ 

(wi  +  tt'2)  sin.  a.  sin.  p 

_  W2  cot.  fi—Wi  cot,  ct 
~  W1  +  W2 

Ex.  12.  A  sphere  is  sustained  upon  an  incUned  plane  by 
the  pressure  of  a  beam  movable  about  the  lowest  point  of  the 
inclined  plane ;  given  the  position  of  the  beam,  required  that  of 
the  plane. 

R 

Let  AgB  be  the  beam, 
movable  about  A. 

Let  2V  =  weight  of  the 
beam,  acting  at  its  center  of 
gravity  g;  B  the  point  of  con- 
t  act  with  the  sphere,  whose 

nter  is  C;  let  ir'  =  weight  of  ^ 
lie  sphere. 

The  sphere  is  in  equilibrium,  from  the  reaction  (i?)  of  the 
lane  at  the  point  of  contact,  from  the  pressure  {P)  of  the  beam 
.it  B,  and  from  its   own   weight;    these    three   forces  all   act 
through  the  center  C. 
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Let  Ag  =  a,  JB  =  by  angle  BAD,  which  the  beam  makes 
with  the  plane,  =  a,  these  are  given;  or,  in  place  of  either  one 
of  the  two  latter,  we  may  have  the  radius  of  the  sphere  given. 

Let  the  angle  DAE  =  6  the  elevation  of  the  inclined  plane, 
which  is  to  be  found,  when  there  is  equilibrium. 

For  the  condition  of  equilibrium  of  the  beam,  takrng  mo- 
ments about  A, 

FxAB=w,Ag  cos,  u-{- 6 

or,  P=?v  -cos.  a-^d 
b 

For  the  condition  of  equilibrium  of  the  sphere,  resolving  the 

forces  in  the  direction  of  AD,  we  have 

w;'sin.  ^— Psin.  a  =  0 


or,  t^'sin.  ^— w  -sin a.  cos.  a  +  ^=0 

0 


whence  tan.  6= 


wacos.  a. sin.  a 


w  a  sin.'^  oi  +  w'b 
which  gives  ^,  the  elevation  of  the  plane  as  required. 

Ex.  13.  A  heavy  beam  turns  about  a  hinge  at  the  lower 
end,  with  the  other  end  pressing  on  an  inclined  plane,  a  part  of 
the  surface  of  a  body  which  rests  on  a  smooth  horizontal  plane 
passing  through  the  hinge ;  find  the  horizontal  force  necessary  to 
keep  the  body  from  moving. 


Let  BCD  be  the  body 
resting  on  the  smooth  hori- 
zontal plane  A  CD.  Let 
AB  be  the  beam  turning 
about  the  hinge  at  A ;  let  g  a 
be  the  center  of  gravity  of 
the  beam,  at  which  its  weight 
{w)  acts. 

The  body  is  to  be  in  equi- 
librium from  the  pressure  of 
the  beam  upon  it  at  B,  and  a 
horizontal  force  {F)  acting  at 
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.>ome  point  K;  and  the  beam  is  to  be  in  equilibrium  from  the 
reaction  (R)  of  the  inclined  plane  upon  it  at  B,  and  its  own 
weight  acting  at  ^. 

The  point  B  is  in  equilibrium,  from  the  reaction  (R)  per- 
pendicular to  the  inclined  plane,  the  reaction  {R)  of  the  beam 
in  the  direction  of  its  length,  and  a  force  (P)  acting  perpendicu- 
larly to  AB,  arising  from  the  moment  of  its  weight  (iv)  about  A. 

Taking  the  moments  about  A  for  the   equilibrium   of  the 
beam,  we  avoid  expressions  involving  72',  and  have 
w .  Ag  COS. g AC— R .  AB sin.  ABR  =  0 

Let  the  angle  BAC=fif  the  angle  of  the  inclined  plane  with 
CD  =  oLy  Ag^a,  AB=l; 

a  cos.  P 


then  R  =  w 


/cos.  (a-/3)  (1) 


To  find  R  in  terms  of  F  we  must  consider  the  conditions  of 
equilibrium  of  a  right-angled  triangular  wedge  sliding  along  a 
smooth  plane,  as  CDy  figure  2,  from  the  action  of  a  force  (F) 
acting  parallel  to  CD,  a  pressure  (R)  perpendicular  to  CB  at  B, 
and  the  reaction  of  the  plane  CD.  If  Bn  be  perpendicular  to 
CB,  and  Bm  to  CD,  these  three  forces  will  be  proportional  to 
the  sides  of  the  triangle  Bmn  respectively. 

Resolving  parallel  to  CD,  we  have 

Rsm,BCD-F=0 

p 
or,  in  figure  1,  i2=-r 


8U1.  a 
Substituting  in  (1),  we  have 

„        a  sin.  a .  cos.  /9 

which  gives  the  horizontal  force  required. 

Ex.    14.  Solve  the  last  example  by  taking  the  conditions  of 
'juilibrium  at  the  point  B;  and  shew  that  the  whole  pressure 

on  the  hinge  ^=«7{sin./8+  jcos. /9.  tan. («— /8)}. 
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Ex.  15.  A  beam  turning  about  a  hinge  is  supported  in 
equilibrium  by  the  tension  in  a  cord  tied  to  its  lower  end :  the 
cord  passes  over  a  pulley  in  the  same  horizontal  line  with  the 
hinge,  and  sustains  a  given  weight ;  find  the  position  of  equili- 
brium of  the  beam. 

In  the  previous  examples  we  obtained 
the  solution  from  the  equations  for  equi- 
librium only,  but  manj'  statical  problems 
require,  for  the  determination  of  all  the 
unknown  quantities,  equations  to  be  formed 
from  geometrical  conditions  also,  of  which  (j^ 
this  simple  problem  is  an  example. 

Let  A  be  the  hinge,  C  the  pulley,  and 
AC^c, 

Let  AB  be  the  beam,  whose  length  =^1,  g  its  cienter  of  gra- 
vity at  which  its  weight  {w)  acts,  and  Ag  =  a. 

Let  P  be  the  weight  hung  from  the  cord,  which  is  equal  to 
the  tension  {t)  in  the  cord. 

Let  ^= angle  CBA,  <^  =  angle  CAB;  these  are  both  unknown 
quantities. 

Taking  moments  about  A,  we  have 

t .  AB  sin.  6  =  w  .Ag  cos.  (f> 

or,  sin.  cr  =-p.y.  cos.  9  (1) 

From  the  geometrical  data  we  have 

sin.^      __AC_ 
sin.  ACB  "  AB 

or,  sin.  ^  =  y.  sin.  (O+cf))  (2) 

The  equations  (1)  and  (2)  suffice  to  determine  6  and  (f). 


Ex.  16.  A  uniform  beam  rests  with  its  lower  end  in  a 
smooth  hemispherical  bowl,  and  its  upper  end  against  a  smooth 
vertical  plane  ;  find  the  position  of  equilibrium. 
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Let  AB  he  the  beam  resting 
against  the  vertical  plane  at  yi,  and 
upon  the  bowl  at  B, 

Let  C  be  the  center  of  the  bowl ; 
ECF  a  horizontal  diameter  which, 
being  produced,  meets  the  vertical 
plane  at  D, 

Let  the  radius  of  the  bowl  =  r  ; 
^^= length  of  the  beam=//  Aff  =  -y  since  the  beam  is  uniform; 
«7  =  its  weight ;  let  also  CD  =  d;  these  must  be  given. 

Let  angle  BCE  =  6,  and  let  (f>  =  angle  of  the  beam  with  the 
horizon ;  these  have  to  be  determined. 

The  beam  is  supported  by  its  weight  (w)  acting  at  g,  the 
reaction  (R')  of  the  plane  perpendicular  to  itself  at  A,  and  the 
reaction  {R)  in  the  radius  CB. 

Resolving  vertically,  we  have 

i2.sin.  6  —  w  =  0 

or,  Rz=- — a 
sm.  0 

Taking  the  moments  about  A,  we  have 

R .  AB ,  sin.  (^— ^)  — «; .  Ag .  cos.  <^  =  0 

therefore  !!n^(^)_£2f^  =  0  (1) 

sm.  6  2  ^  ' 


This  equation  containing  two  unknown  quantities,  we  require 
still  a  geometrical  relation  between  them. 

Let  Cm  be  a  vertical  line  meeting  AB  in  m  ; 
coB^O  _  Bm  __  AB^Am 
COS.  f^""  yiC'~         r 

_/— J.gec.  ^ 


COS. 


p_/.C08.  ^— df 


(«) 
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From  (1)  we  have  cos.  <^  — cot.  6 .  sin.  0  — ^cos.  <j)  =  0 

or,  tan.  6  =  2  tan.  (f> 
These  two  equations  suffice  to  determine  </>  and  6  as  required. 

Ex.  17.  A  weight  (tv)  hangs  from  one  end  of  a  cord,  of 
whicli  the  other  end  is  fastened  to  a  vertical  wall:  the  cord  is 
pushed  from  the  wall  by  a  rod  tied  to  it,  which  is  perpendicular 
to  the  wall.  Shew  that*  if  the  cord,  where  it  is  fixed  to  the 
wall,  makes  an  angle  a  with  it,  and  H  be  the  pressure  of  the  rod 
on  the  wall,  then 

a  =  tv .  tan.  a 

Ex.  18.  A  heavy  beam  lies  with  its  upper  end  against  a 
smooth  vertical  plane,  and  its  lower  end  on  a  smooth  horizontal 
one.  Shew  that  if  the  beam  makes  an  angle  a  with  horizontal 
direction,  its  length  being  Z,  and  weight  w,  and  the  distance  of 
its  center  of  gravity  from  the  lower  end  being  a;  then  the  force 
required  to  be  applied  horizontally  at  its  lower  end  to  maintain 

the  equilibrium  being  F,  we  have  F  =  w-j cot.  a  =  the  pressure 

0 

against  the  vertical  wall.     Shew  also  that  the  pressure  on  the 
horizontal  plane  =  w. 

Ex.  19.  A  body  is  suspended  by  a  cord  of  given  length 
from  a  point  in  a  horizontal  plane,  and  is  thrust  out  of  its  verti- 
cal position  by  a  rod,  without  weight,  acting  from  another  point 
in  the  plane ;  shew  that  if  ^  =  the  tension  in  the  cord,  w  =  the 
weight  of  the  body,  I  =  thejength  of  the  cord,  d  =  the  distance 
of  the  two  points,  and  0  be  the  angle  which  the  rod  makes  with 
the  horizon, 

t  =  w^  cot.  0 
a 

Ex.  20.  A  triangular  plate  of  uniform  thickness  and  density 
is  supported  horizontally  by  a  prop  at  each  angle  ;  shew,  by 
drawing  perpendiculars  on  the  sides  respectively,  from  the  oppo- 
site angles  and  the  center  of  gravity,  that  the  pressure  on  each 
prop  =  J  the  weight  of  the  plate. 


CHAPTER  VI. 

ON  THE  ELEMENTARY  MACHINES,  OR  MECHANICAL  POWERS. 

The  effects  of  forces  in  practical  mecFiaiiics  are  continually 
modified  through  the  agency  of  instruments  which  we  call 
machines. 

The  simplest  of  these  instruments  are  Cords  and  Jiods, 
which,  with  hard  planes,  may  be  considered  as  forming,  by 
their  combinations  and  recombinations,  all  other  machines, 
however  complicated. 

Cords  are  considered  in  the  first  instance  as  without  weight, 
and  perfectly  flexible.  A  cord  transfers  the  action  of  a  pull- 
ing force,  applied  at  one  extremity,  to  any  other  point  in  it, 
unchanged  in  magnitude,  as  long  as  it  is  in  a  straight  line  to 
that  other  point,  or  only  passes  over  smooth  obstacles  without 
friction.  The  force  which  is  thus  transmitted  along  the  cord  we 
call  the  tension  in  the  cord. 

Rods  are  considered  in  the  first  instance  as  without  weight, 
and  inflexible  or  rigid.  They  transmit  the  action  of  either  a 
pulling  or  a  pushing  force  in  the  line  joining  their  extremities 
unchanged  in  magnitude.  The  force  which  is  transmitted  along 
this  line  we  call  the  reaction  of  the  rod. 

The  machines  which  are  next  in  simplicity  to  siniplc  cords 
and  rods  arc  called  the  Mechanical  Powers.  They  comprise  the 
Lever,  the  Wheel  and  Axle,  Toothed  Wheels,  the  Pulley,  the 
Inclined  Plane,  the  Wedge,  and  the  Screw. 

ON  THE  LEVER. 

The  simple  lever  is  a  straight  rod,  having  n  fixed  point  some- 
where in  its  length,  and  supposed  without  weight.  The  fixed 
point  about  which  the  lever  may  freely  turn  is  called  its  fulcrum. 
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The  conditions  of  equilibrium  of  any  heavy  lever  may  be 
reduced  to  those  of  a  lever  without  weight,  by  taking  the  weight 
of  the  lever  itself,  acting  at  its  center  of  gravity,  with  the  other 
forces  producing  equilibrium. 

The  arms  of  a  lever  are  the  portions  of  it  on  each  side  of  the 
fulcrum.  When  the  arms  are  not  in  the  same  straight  line,  it  is 
called  a  bent  lever. 


The  mechanical  powers  being 
most  familiar  to  us  as  employed 
to  support  or  raise  heavy  bodies 
or  weights,  it  is  usual  to  call  one 
of  the  forces  the  Power,  and  the 
other  the  Weight, 


fig.  1. 


Levers  have  been  divided  into 
three  kinds,  according  to  the  rela- 
tive positions  of  the  Power,  the 
Weight,  and  the  Fulcrum, 

Figure  1  is  an  example  of  a 
lever  of  the  first  kind,  AB  being 
the  lever,  C  its  fulcrum ;  the  power 
(P)  and  weight  ( W)  acting  on  op- 
posite sides  of  the  fulcrum. 

Figure  2  is  an  example  of  a 
lever  of  the  second  kind,  AC  being 
the  lever,  C  the  fulcrum;  the 
power  (P)  and  the  weight  {W) 
acting  on  the  same  side  of  the  ful- 
crum, but  W  nearer  to  it. 


% 


fig.  2. 


C 


fig.  3. 


Figure  3  is  an  example  of  a 
lever  of  the  third  kind,  BC  being 
the  lever,  C  the  fulcrum;  the 
power  (P)  and  the  weight  {W) 
acting  on  the  same  side  of  the  ful- 
crum, but  the  power  nearer  to  it. 


0 


v^ 


STATICS. 


65 


A  crow-bar,  according  to  the  way  in  which  it  is  used,  is  a 
lever  of  the  Jlrst  or  second  kind.  Scissors  and  carpenter's  pincers 
are  examples  of  double  levers  of  the  first  kind.  An  oar  is  an 
example  of  a  lever  of  the  second  kind,  the  fulcrum  being  a  point 
in  the  blade  of  the  oar  which  rests  for  an  instant  stationary  in 
the  water.     Nut-crackers  are  double  levers  of  the  second  kind. 

Tongs,  shears,  &c.,  are  double  levers  of  the  third  kind.  The 
hones  of  the  arm  act  as  levers  of  the  third  kind. 

37.  Prop.  To  find  the  condition  of  equilibrium  when  two 
parallel  forces  act  upon  a  straight  lever,  and  to  find  the  pressure 
on  the  fulcrum. 


Since  the  fulcrum  is  a  fixed  point,  the  only  effect  of  either 
of  the  forces  tends  to  tuni  the  lever  round  this  point,  and  in 
equilibrium,  the  tendency  to  turn  it  one  way  round  must  be 
balanced  by  an  equal  tendency  to  turn  it  the  other  way  round ; 
or,  the  moments  of  the  forces  about  the  fulcrum  must  be  equal 
and  opposite. 


If  a  be  the  angle  which  they  make 
with  it,  we  must  have,  in  both  figures, 
P.^Csin.  a=Q.2?Csin.a 
P,AC=:Q,BC 
P      BC 

whicli  being  independent  of  a,  there 
will  be  equilibrium  in  every  inclina- 
tion of  the  lever  to  the  forces  if  there 
be  equilibrium  in  any  one ;  and  the 
forces  are  inversely  as  the  distances 
from  the  fulcrum  at  which  they  act. 

We  may  solve  this  proposition  by 
going  through  all  the  steps  of  Article 
12,  Chap.  II.  ;  for,  in  equilibrium, 
the  resultant  of  the  two  parallel  forces 
must  pass  through  the  fulcrum,  and 


:a 


u  c 
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be  destroyed  by  its  reaction ;  therefore  the  pressure  on  the  ful- 
crum is  always  equal  to  the  algebraic  sum  of  the  parallel  forces; 
and  acts  in  the  direction  of  the  greater  force,  when  they  are  op- 
posite. 

38.  Prop.  To  find  the  condition  of  equilibrium  when  any 
two  forces  in  the  same  plane  act  upon  a  straight  lever,  and  the 
pressure  on  the  fulcrum. 

Let  the  forces  P  and  Q 
make  the  angles  a  and  ^  re- 
spectively with  the  lever,  as  in 
the  figures,  and  let  their  direc- 
tions when  produced,  if  neces- 
sary, meet  in  D,  Since  their 
moments  about  C  must  be  equal 
and  opposite  when  there  is  equi- 
librium, we  must  have 
P.^Csin.  a=Q.^Csin./3 


fig.  2. 


For  the  pressure  on  the  fulcrum 
and  its  direction  we  must  find 
the  magnitude  (i?)  of  the  result- 
ant of  P  and  Q,  and  the  angle 
it  makes  with  AB;  since  in  equi- 
librium it  must  be  destroyed  by 
the  reaction  of  the  fulcrum. 


By  Article  7  we  have,  in  figure  1, 

m=I^+  Q^  +  2PQ  cos,  ADB 
and  JJDB  =180- u- 13 

.-.  7^2  =  ^2+  Q2_2pQ  COS.  («  +  yS) 

In  figure  2,  JDB  =  ^  —  ot,  and  ADQ  is  the  angle  between 
the  forces. 

.-.  m=:PiJt  Q^-2PQ  cos.  (yS-a) 

To  find  the  inclination  (6)  of  B  to  the  lever,  in  figure  1.  By 
resolving  parallel  and  perpendicular- to  the  lever,  taking  72  the 
reaction  of  the  fulcrum  opposite  to  the  resultant  of  the  forces, 
we  have 
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Pcos.a-Qcos.^  +  72cos.  ^=0  (1) 

Psin.a+Qsin./9-7?sm.^=0  (2) 

From  these  equations  (1)  and  (2)  we  have 

^     Psin.a+Qsin.;8 

tan.  6=  on 

Q  COS.  p  —  Pcos.  a 

which  gives  6,     A  similar   expression   may  be  found  for  the 
lower  figure. 

39.  Prop.  To  find  the  condition  of  equilibrium  when  two 
forces  in  the  same  plane  act  in  any  manner  on  a  lever  of  any 
form. 


If  P  and  Q,  acting  as  in  the 
figures  at  A  and  B  respectively, 
be  in  equilibrium  about  the  ful- 
crum C,  and  we  draw  perpendicu- 
lars, CMy  CNf  upon  their  direc- 
tions, we  have,  by  the  equality  of 
moments  about  C, 

PxCM=:QxCN 

P_CN 
°'*'   Q''CM 

or,  in  equilibrium  the  forces  are 
inversely   as    the    perpendiculars 
upon    their    directions    from     the 
ulcrum. 


When  the  directions  of  P  and    ' 
V,  with  respect  to  any  given  straight  line  through  C,  are  known, 
lie  magnitude  and  direction  of  the  pressure  on.  the  fulcrum  can 
o  found  as  in  the  last  proposition. 


ifif  (11/ 


40.  Prop.     TofmJ 
sure  on  the  fulcrum  when  any  < 
/ .  in  one  plane,  on  a  lever  of  any  J 


I  fj'tilibrium  ana  inr prcs- 
ff (trees  act  in  any  man- 


I  .ct  Pi,  P„  Pj,  &c.  be  the  forces  acting  in  the  plane  of  the 
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figure  at  the  arms  CA,  CB,  CD,  &c. 
respectively,  or  at  the  points  A,  B, 
Dy  &c.  in  a  plane  turning  about  an 
axis  through  C  perpendicular  to  it. 

Take  any  two  lines  perpendicular 
to  each  other  through  C,  as  Cx,  Cy, 
for  the  axes  of  co-ordinates. 

Let  P  be  any  one  of  the  forces 
which  makes  the   angle  a  with  Cx, 
and  let  x,  y  be  the  co-ordinates  of  its  point  of  application. 
Then  proceeding  as  in  Article  24,  we  shall  have, 

at  C,  in  Cx,  a  force  =  X{P  cos.  «) 

at  C,  in  Cy,     .     .      =  ^(Psin.  a) 

and  a  resultant  couple  whose  moment  must  =  0  when  there  is 
equilibrium,  or  we  must  have 

^(Pcos.  a  .  ?/— Psin.  ci,x)  =0 

The  resultant  force  at  C  will  be  destroyed  by  the  reaction  of 
the  fulcrum,  and  we  have  the  pressure  [R)  upon  the  fulcrum 
from  the  equation 

R=<\J  {^(Pcos.  u)Y+  {5'(Psin.  ol)Y 

If  R  makes  an  angle  6  with  Cx,  we  have 

^       ^(P  sin.  a) 

tan.  d  =  -^rpij ( 

2;(Pcos. «) 


ON  THE  WHEEL  AND  AXLE. 


41.    This  machine  consists  of  a 
wheel,  AB,  firmly  fixed  to  a  cylinder 
or  axle,  CDEF,  with  a  common  axis,         A^S^fW" — \ 
Gil.     The  pivots  or  extremities  G  ^^— ^j'jjjj      j 
and  H  of  the  axis  generally  turn  in  '^ 

steps  which  support  the  whole ;  and 
the  forces  act  by  cords  which  are 
wrapped  round  the  wheel  and  the 
axle. 


r 
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The  annexed  figure  being  an  end 
view,  we  see  that  by  drawing  a  hori- 
zontal line  through  the  center  of  the 
axis  C,  we  have  the  power  (P)  and 
the  weight  ( 7F)  acting  at  A  and  B, 
the  extremities  of  a  straight  lever 
ACB;  and  in  equilibrium  we  must 
have  their  moments  about  C  equal 
and  opposite ;  or, 

PxAC=  WxBC 


W 
or,  -77  = 


AC 
BC 


The  same  relation  will  exist  if  the  wheel  and  axle  be  turned 
round  either  way ;  so  that  the  machine  may  be  called  a  perpetual 
lever.  Also  P'  and  W  being  forces  equal  respectively  to  P 
and  JVf  there  will  be  equilibrium  at  whatever  points  the  cords 
leave  the  wheel  and  axle  respectively,  since  the  moments  about 
C  remain  the  same  as  before.' 


ON  TOOTHED  WHEELS. 


4*2.  Toothed  or  Cogged 
Wheels  are  thin  cylinders,  on 
the  circumference  of  which  are 
projections  called  teeth  or  cogs, 

s  in  the  figure.  If  two  such 
Is  have  their   cogs   set  at 

,     I   distances  they  will  work 

)gether,  and  if  one  be  set  in 
motion  it  will  communicate  mo- 
tion  to  the  other  tlirough   the 

lutual  pressure  of  the  cogs 
which  arc  at  any  instant  in  con- 
tact. 


IaI  .S    nv   tins    imiiuai   pKs.surt*   in   tne   iigure,  which  acts  in 
lie  line  S'm'niSf  a  common  normal  to  the  cogs  at  tteir  point  of 
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contact ;  Cm,  Cm  being  perpendiculars  from  the  centers  C,  C 
of  the  wheels  upon  that  line. 

Let  the  power  (P)  act  by  a  weight  from  a  cord  wrapped 
round  an  axle  with  center  C  and  radius  C'A,  and  let  the 
weight  {JV)  act  similarly  from  an  axle  with  center  C  and  radius 
CB. 

Taking  the  moments  about  C\  we  have,  in  equilibrium, 

FxC'J  =  SxC'm' 
and  about  C, 

WxCJB  =  SxCm 

Dividing  the  latter  by  the  former,  we  have 

W_aA      Cm_ 
F~  CB^  Cm! 

Now,  if  the  axles  from  which  P  and  W  act  are  of  equal  radii, 
the  effect  of  the  combination  will  depend  on  the  cog-wheels 
only,  and  we  have  then 

W  _  Cm 

P  ~  Cm' 

Let  SmmS  meet  the  line  joining  the  centers  C,  C  in  o, 
then  the  triangles  Cmo,  Cmo  will  be  similar  and 

Cm  _Co  _W 
Cm'  ""  Co  ~  P 

Let  the  dotted  circles  be  described  with  radii  Co,  Co,  these 
are  called  the  pitch-lines  of  the  wheels,  which  roll  uniformly 
upon  each  other,  when  the  cogs  are  made  of  a  proper  form.  In 
planning  wheel-work  these  pitch-lines  are  first  laid  down,  and 
the  places  of  the  cogs  marked  at  the  same  equal  distances  upon 
each ;  their  radii  are  to  be  so  taken  that  there  may  be  the  requi- 
site number  of  cogs  on  each  circumference ;  and  as  they  are  at 
equal  distances,  their  number  will  be  in  proportion  to  the  cir- 
cumference. 

W  _  Co  _  circumference  to  radius  Co 
P       Co       circumference  to  radius  Co 

__  number  of  teeth  in  wheel  of  W 
"~  number  of  teeth  in  wheel  of  P 
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The  form  of  the  teeth  most  used  in  machinery  is,  that  the 
inner  part  is  formed  by  radii  from  the  center  of  the  wheel,  and 
the  outer  part  epicycloidal  curves ;  the  bottoms  of  the  spaces 
being  rounded  to  give  strength  to  the  teeth.  See  Willis  s  Prin- 
ciples of  Mechanism, 

There  are  several  forms  of  toothed  wheels,  which  are  all  sub- 
ject to  the  above  rule.  When  the  teeth  project  from  the  flat 
face  of  the  wheel  instead  of  the  edge,  they  form  the  crown  wheel. 
When  the  wheel  contains  very  few  teeth,  it  is  called  a  pinion, 
and  its  teeth  or  cogs  are  then  called  leaves.  These  forms  may 
be  seen  in  most  watches. 


In  the  preceding  instances  the  axes  of  the  wheels  working 
together  were  either  parallel,  as 
in  the  first  form,  or  at  right  angles 
to  each  other,  as  in  the  crown 
wheel  and  pi?iion.  But  wheels 
are  in  continual  use  in  which  the 
axes  form  any  given  angles,  and 
the  cogs  are  then  placed  on  thin 
frustums  of  cones,  as  in  the  figure, 
in  place  of  cylinders;  and  the  wheels  are  called  bevelled  wheels. 


^w 


ON  THE  PULLEY  AND  SYSTEMS  OF  PULLIES. 

43.     The  pulley  is  a  small  wheel,  with  a  groove  on  its  edge 

to  admit  a  cord  which  passes  over  it;  it  turns  round  an  axis  or 

pivot  through  its  center,  which  is  fastened  to  the  frame-work, 

died  the  block,  in  which  the  pulley  moves.     It  is  called  a  move- 

'hie  or  sijixed  pulley,  according  as  the  block  is  moveable  or  fxed, 

A  Jixcd  pulley  serves  merely  to  change 
the  direction  of  the  force  in  the  cord  passing 
over  it;  for,  neglecting  the  friction  of  the 
pulley,  the  tension  of  the  cord  must  be  the 
same  in  every  part. 

41.   Prop.      To  find  the  relation  of  the  power  to  Ih 
the  single  moveable  pulley  with  the  cords  parallel. 


J  fill/ 
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The  annexed  system,  consisting  of  a  move 
able  pulley  from  which  the  weight  {W)  is 
suspended,  and  a  fixed  pulley  over  which  the 
cord  sustaining  the  power  (P)  passes,  has  the 
other  end  fastened  at  J. 

Since  the  cord  is  supposed  to  pass  freely 
over  the  pullies,  the  tension  will  be  the  same 
at  every  point,  and  the  two  vertical  cords 
from  the  moveable  pulley  sustain  IV; 


or,  if  ^  =  the  tension,  2t 
TV 


TV=:2P 


If  we  take  into  account  the  weight  of  the  moveable  pulley, 
we  may  either  add  this  weight  {w)  to  JV,  or  we  may  suppose 
the  pulley  counterpoised  by  a  weight  suspended  with  P,  but 
not  reckoned  with  it. 

Taking  TV  ^w  =  the  whole  weight  sustained  by  the  tension 
of  the  two  vertical  cords,  we  have 

2t=  TV+w 


or,  P  = 


TV+w 


45.  Prop.     To  find  the  relation  of  the  power  to  the  weight  in 
the  single  moveable  pulley  with  the  cords  inclined. 


Let  t  =  the  tension  in 
cord,  which,  being  fastened 
at  Ay  passes  freely  over  the 
moveable  pulley,  sustaining 
the  weight  {W),  and  the 
fixed  pulley ;  and  is  there- 
fore the  same  at  every  part 
of  the  cord,  and  equals  the 
power  (P). 


Let  w  =  the  weight  of  the 
moveable  pulley;  a  =  the  angle  which  the  inclined  cords  make 
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with  the  vertical  direction,  and  which  is  the  same  for  both  cords, 
since  the  resultant  of  the  two  equal  tensions  must  be  a  vertical 
force  sustaining  JV  and  the  weight  of  the  pulley. 

Therefore,  resolving  in  the  vertical  direction,  we  have 
2t. COS.  a  =  TF-\'W 


or,P  =  .7 


JF+w 


>S  cos.  a 


If  IV  be  neglected,  or  counterpoised  independently,  we  have 


P  = 


W 


We  note  here,  that  the  two  parts  of  the  cord  can  never  be 
drawn  into  one  straight  line,  or  a  become  90°,  whilst  P  and  W 
remain  finite,  however  great  P  may  ,be,  and  however  small  W 
nay  be.  y 

Amongst  the  various  ways  in  which  pullies  can  be  combined, 
there  are  three,  which  have  been  called  the  first,  second,  and 
tliird  systems  of  pullies. 

Hi.     To  find  the  relation  of  the  poioer  to  the  tveight  in  a  com- 
bination of  pullies f  with  the  cords  parallel j  where  the  power  at 
rich  pulley  acts  as  weight  to  the  next  above 
■t.     This  is  called  the  first  system  of  pullies. 

The  figure  represents  this  system  with 
'i  three  moveable  pullies,  Ci,  flj,,  and  03.  Let 
^  W  be  the  weight,  supported  at  the  block  of 

the  pulley  a„  and  P  the  power,  acting  at  the 

last  cord  after  passing  over  the  fixed  pulley. 

Let   Wi,  Wi,  W3  be   the  weights   of  the 

'uUies  fli,  a,,  a^  respectively.     Let  ty  be  the 

nsion  in  the  cord  passing  round  the  pulley 

ill,  /a  that  in  the  cord  round  cr^,  t^  that  in 

the  cord  round  a^. 

Then,  for  the  equilibrium  of  ai,  we  have 
2<i  =  fr+iri 
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For  the  equilibrium  of  02  we  have 

2t2=ti-{-W2 

For  the  equilibrium  of  053  we  have 

or,  ^3— ^—  ^3  -t-  ^3  i-^  -h  g 
which  gives  the  relation  of  P  to  JV  as  required. 

If  the  system  contains  n  moveable  puUies,  we  have,  similarly 

2"     2^     2"~^    2"~^  '   '   '       2 

If  the  puUies  are  all  equal,  and  their  weights  each  equal  to 
Wi,  we  have 

-P=|^+Pa+2  +  2^  +  &e.    .   .    .  +2"->) 

2n~  2^^  ' 


2^ 

In  this  system  a  part  of  the  power  is  expended  in  sustaining 
the  pulUes.  If  the  pullies  be  counterpoised  independently,  we 
have 

47.  Prop.  To  find  the  relation  of  the  power  to  the  weight  in 
a  combination  of  pullies  in  two  blocks  where  the  same  cord  passes 
round  all  the  pullies.  This  is  called  the  second  system  of 
pullies. 
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fig.  2. 


w 


r  ^ 


) 


This   combination    of  puUies  is         ^g- ^- 
the  one  in  most  common  use.     The 
pullies  are  arranged  in  the  blocks  in 
a  variety  of  ways,  but  figure  1  repre- 
sents the  most  usual.     White  s  Pulley 
is  a  modification   of  the  system,   in 
which  all  the  pullies  of  each  block 
were  formed  upon  one  piece  of  wood 
or  metal^  jwith  their  circumferences 
each  proportional  to   the  length  of 
)rd   which   would   pass  over  them 
when  put  into  use  to  raise  weights,  V 
so  that  all  those  in  each  block  would 
have  the  same  angular  motion,  and 
they  might  be  then   combined  into 
one  wheel,  by  which  a'grcat  propor- 
tion of  the  friction  in  the  common 
form   would   be  saved.     This  plan,   which   pro- 
mised so  well  in  a  theory  constructed  upon  im- 
perfect data,  has  been  found  useless  in  practice, 
from  that  fertile  source  of  error,  the  omission  of 
essential  natural    properties,    namely,   here,   the 
elasticity  of  all  cords,  which  is  continually  chang- 
iDg  with   the  wetness  or  dryness  of  the  atmo- 
sphere, and  the  friction   of  the  cords  upon  the 
pullies.     Neglecting  the  friction,   we  shall  have 
the  tension  the  same  at  every  part  of  the  cord,  and  counting  the 
number  of  cords  at  the  lower  block,  we  shall  have  the  number 
of  times  the  tension  which  supports  the  weight  (}V)  and   the 
weight  of  the  block  (u?). 


J 


Therefore,  if  »= number  of  cords  at  the  lower  block, 

but/  =  P 

n       n 

If,  as  in  .the  figures,  the  end  of  the  cord  be  tied  to   the 
ipper  block,  the  number  of  pullies  in  each  block  will  be  the 
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same,  =  m,  say ;  and  the  number  of  cords  at  the  lower  block  will 
be  27«,  and  then 

2m  ^  2m 

If  the  weight  of  the  pullies  be  counterpoised  or  neglected, 

we  have 

W 

48.  Prop.  To  find  the  relation  of  the  power  to  the  weight  in 
a  combination  'of  pullies  when  the  cords  are  parallel,  aiid  each 
attached  to  the  weight.  This  is  called  the  third  system  of 
pullies. 

In  this  system  the  uppermost  pulley  is  fixed, 

and  its  weight  is  supported  by  the  beam  to 

which  they  are  attached.    Let  Wi  be  the  weight 

of  the  pulley  aj ;  w^i  w^,  those  of  the  pullies  Og? 

«3  respectively.     Let  ti,  #2>  hi  h  ^®  ^^^  tensions 

in  the  cords  respectively,  and 

t,=P 

t2=2ti  +  Wi  =  2F+Wi 

t^=2t2  +  W2  =  2^P  +  2w^-^W2 

t^=2ts  +  w^=2^P+2^Wi  +  2w2  +  Ws 

and  ^=^1  +  ^2  +  ^3  +  ^4 

=P{\ +2  +  2^  +  2^) +Wi{l-i-2-\-2^)-\- 

W2{\+2)-\-Ws 

=P{2^'-l)+Wi{2^-l)-\-W2{2^-l)  + 
^3(2-1) 

If  the  system  contains  n  moveable  pullies, 
we  shall  have,  similarly, 

^=p(2"+i-l)  +  «;i(2«-l)+w'2(2""^-l)+&c.  .  .  .+wu{2-l) 

If  the  n  pullies  were  of  the  same  weight,  Wi,  we  should  have 

?r=P(2«+^-l)+«;i(2«  +  2«-i  +  2»-24-&c.  .  .  ,+2)-nwi 
=P(2»+^-l)  +Wi{2^+'-2-n) 
=  {P+w{){2»+'-l)-(n+l)wi 
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In  this  system  the  weights  of  the  pullies  assist  the  power. 
If  they  are  balanced  independently,  or  neglected,  we  have 

W 

^  =  (2"+»-l) 


ON  THE  INCLINED  PLANE. 

When  a  particle  or  body  is  in  contact  with  any  hard  surface, 
plane  or  curved,  and  the  forces  press  it  against  the  surface,  the 
normal  reaction  of  the  surface  is  one  of  the  forces  concurring  to 
produce  equilibrium,  and  must  be  considered  with  the  other 
Ibrces. 

The  inclined  plane,  as  a  mechanical  power,  is  supposed  per- 
fectly hard  and  smooth  (unless  the  friction  is  considered);  and 
having  some  angle  of  elevation  above  the  horizontal  plane,  has  a 
heavy  particle  or  body  resting  on  it  in  equilibrium,  by  the  action 
of  one  or  more  forces. 

49.  Prop.     Tojind  the  conditions  of  equilibrium  when  a  body 
rsts  on  an  inclined  'plane  by  the  action  of  a  force  acting  up  the 

lane. 

Let  the  figure  represent  a  section, 

IBj  of  the  inclined  plane  by  a  verti- 

il  plane  through  the  body  at  a.    Let 

/  C  be  a  horizontal  line,  and  the  angle 

JLtC  =  a. 

J^ct  I^  bo  the  power  acting  up  the 
])lane,  R  the   reaction   perpendicular 

)  the  plane  at  a,  W  the  weight  of  the  body  acting  vertically 
downwards. 

These  three  forces  keep  the  body  in  equilibrium ;  and  two 
out  of  the  three  quantities  //',  P,  and  a,  must  be  given  when 

lie  other  and  R  are  required.  Using  the  method  of  Article  23, 
taking  the  axis  of  x  in  the  plane,  the  axis  of  y  perpendicular  to 
it,  with  a  for  origin  of  co-ordinates,  we  have  the  ctpialions  of 

quilibrium 
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or  here  P- ^sin.  a  =  0  (1) 

lt-Wcos.ot  =  0  (2) 


From  any  point  B  in  the  plane  draw  J3C  vertical;  AB  is 
called  the  length  of  the  plane,  BC  its  height,  and  AC  its  base. 

TF  _     1     _JB 
~  ~  BC 


From  (1), 


sin.  a 


length  of  the  plane 
height  of  the  plane 


From  (2)     ^^  length  of  the  plane 
^  '*   R        base  of  the  plane 

50.  Prop.  To  find  the  conditions  of  equilibrium  when  a  body 
is  supported  on  an  inclined  plane  by  a  force  whose  direction 
makes  an  angle  e  with  the  plane. 

Pf  Wf  and  B  being  the  forces  in 
equilibrium  at  a,  in  the  figure,  where 
angle  PaB  =  e,  angle  BAC  =  a.  Re- 
solving parallel  and  perpendicular  to  the 
plane,  we  have,  in  equilibrium, 

Pcos.e-?rsin.a  =  0  (1)  ^ 

jR  +  Psin.  e-  ^Tcos.  a  =  0       (S) 

W      cos.  i 

or,  -^o  = 

P       sin.  a 

R  =  Wcos.  ct—P  sin:  e 

rrr  tt^ Sin.  a  .  siu.  6 

=  fr- COS.  ci—  yy- 
_  j^cos.  (a  + e) 


cos.  6 


cos.  6 
COS.  € 


R       COS.  (a  +  e) 
Ifa  +  6  =  90,  P=  ?r,  andi2  =  0. 

If  e  >  90°— a,  R  is  negative,  and  the  body  must  be  on  the 
under  side  of  the  plane. 
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51.  Pkop.     To  find  the  cDnditions  of  equilibrium  when  a  body 
is  supported  on  an  inclined  plane  by  a  horizontal  pushing  force. 

The  body  being  supported  on  the 
plane  at  a  by  the  action  of  the  horizon- 
tal force  Pin  Pa;  resolving  parallel  and 
perpendicular  to  the  plane,  we  have,  in  _ 
equilibrium, 

Pcos.a-  ;rsin.a=0  (1)  a 

R-P sin. a  -  Wcos. a  =  0         (2) 
From  (1),  P=  /Ftan.a 


p 

\  • 

\  O   ^."^ 

y 

w 

or. 


or. 


/r_  _  y^C  _   base  of  the  plane 

P  '         BC  ~'  height  of  the  plane 

From  (2),  R  =  TFcos,  a  -f  P  sin.  a 

~~  COS.  a 
W  AC        base  of  the  plane 

—  cos    fit  = ^= 

R  '         AB      length  of  the  plane 


52.  Prop.  To  find  the  relation  between  the  weights  of  two 
bodies  which  rest  on  tivo  inclined  planes  having  a  common  summit; 
the  bodies  being  connected  by  a  cord  passing  over  a  pulley  ai  the 
summit ;  when  they  are  in  equilibrium. 


Let  a  and  a'  be  the  bodies  whose 
weights  are  W  and  W,  Let  AB^ 
BC  he  the  two  planes.  Let  a  = 
angle  BAC,  P  =  angle  BCAy  and 
BD  a  perpendicular  on  AC, 

If  /  be  the  tension  in  the  cord 
aBa\  we  have,  for  equilibrium  on  the 
plane  AB, 


^ 

h 

^' 

X. 

M 

$< 

\ 

0 

> 

f 

\ 

r 

\ 

V 

V 

V 

and  on  plane  PC, 


/  =  W^sin.  a 

/  =  W  sin.  ff 
\  /rsin.a=ff^8in./9 

or,  fV^j^  =JV-gr^ 
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or,  the  weights  are  proportional  to  the  lengths  of  the  planes  on 
which  they  rest  respectively. 


ON  THE  WEDGE. 

This  mechanical  power,  not  less  simple  than  any  of  the 
others,  has  been  discussed  very  differently  by  different  writers, 
and  those  who  have  given  the  most  elaborate  solutions  have 
treated  it  the  most  erroneously.  The  student  who  wishes  to 
understand  the  mode  of  action  of  the  wedge  should  consider 
attentively  the  Example  13,  page  58. 

53.  Prop.  To  find  the  conditions  of  equilibrium  on  the  iso- 
sceles wedge. 


By  the  wedge,  we  mean  a  triangular 
prism  whose  perpendicular  section  is  an 
isosceles  triangle,  as  in  the  figure,  where 
Jl  is  the  section  of  the  edge  of  the  prism  ; 
AB,  AC,  sections  of  the  sides ;  and  CB  of 
the  hack.  The  prism  is  considered  hard, 
and  perfectly  smooth,  if  we  do  not  intro- 
duce the  friction  as  one  of  the  forces  in- 
volved. 


Draw  AD  bisecting  the  angle  of  the  wedge,  and  let 
BAD=CAD  =  oc,  Let  2P  he  the  power  applied  at  the  back 
of  the  wedge,  which  is  in  equilibrium  with  the  pressures  (B)  on 
its  two  sides,  which  must  be  equal,  and  act  through  the  same 
point  a  in  the  power's  direction,  and  also  perpendicularly  to 
the  sides  of  the  wedge,  since  they  are  supposed  perfectly 
smooth. 

Resolving  in  the  vertical  direction,  we  have 
2  B  cos,  BaA-2P=0 

or,  B——. 

sm.  a 
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or,  -jj  =  sin.  a 


_  h  back  of  the  wedoje 
side  of  the  wedge 

which  gives  the  force  exerted  by  the  wedge  perpendicular  to  its 
sides. 


If  there  be  more  than  one  force  acting  on  each  side  of  the 

wedge,  their  resultant  in  equilibrium  must  be  Ji,  as  thus  found ; 

and  we  require  such  additional  data  in  order  to  determine  the 

omponents,  as  will  enable  us  to  solve   the   triangle   of  forces 

u  hen  one  of  the  forces  (Jl)  is  known. 

Hatchets,   knives,   carpenters'  chisels,  &c.  are   examples  of 
different  forms  of  the  wedge. 


ON  THE  SCREW. 

The  Screw  consists  of  a  projecting  rib  or  thread  passing 
round  a  cylinder  at  the  same  angle  with  its  axis  everywhere. 
This  screw  works  in  a  hollow  screw  to  which  it  fits. 

54.  Prop.  JTo  find  the  conditions  of  equilibrium  on  the 
icreic.  ^' 


If  we  suppose  one  revolution  of  the  thread  to  be  unwTapped, 
it  forms  an  inclined  plane,  of  which  the  height  equals  the  dis- 
mce  of  two  threads,  and  the  base  the  circumference  of  the 
vlinder. 


Let  ABC  represent 
he  inclined  plane  formed 
y  the  unwrapping  of  one 
•volution  of  a  thread,  and 

/;C  =  the  distance  of  two 
ontiguous  threads,  y^C= 
ircumference  of  the  cy- 

liiulor. 

Let  a  =  anglcy/y/Cof 
iie  plane,  r  =  radius  of 
he  cylinder. 
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The  power  P  acts  perpendicularly  at  the  extremity  i^  of  a 
lever,  which  turning  the  screw  round,  produces  a  pressure  in 
the  direction  of  the  axis  of  the  cylinder  of  the  screw.  In  equi- 
librium let  this  pressure  be  balanced  by  a  weight  W, 

Let  the  arm  of  the  lever  of  P=FD  =  a,  Let  Q  be  the  equi- 
valent force  to  F  at  the  circumference  of  the  cylinder,  so  that 

r 

We  may  suppose  a  small  part  {w)  of  TV  to  be  supported  at  each 
point  of  ^B  ;  let  q  be  the  corresponding  part  of  Q,  and  let  R  be 
the  perpendicular  reaction  of  the  thread  at  a. 

Proceeding  as  in  Article  51,  we  have 

BC 

q  =  w  tan.  u  =  w-j^ 

w  .  distance  of  two  threads 


circumference  of  the  cylinder 

and  the  same  holds  for  all  other  points  on  the  plane ;  therefore 
we  have 

f^_-TTT     distance  of  two  threads 
~     circumference  of  the  cylinder 

r 
__p    2'7ra 


or,  P=  W- 


2irr 

distance  of  two  threads 


circumference  described  by  P  in  one  revolution 

W    circumference  described  by  P 
'  P  distance  of  two  threads 

We  note  here,  that  the  relation  of  P  to  W  is  independent  of 
the  radius  of  the  cylinder  on  which  the  thread  is  wrapped. 


CHAPTER  VII. 

ON  COMBINATIONS  OF  THE  MECHANICAL  POWERS  AND 
BALANCES. 

By  the  mechanical  advantage  of  any  machine,  we  mean  the 

number  of  times  the  weight  contaips  the  powers  or  the  value  of 

TV 
the  fraction  -p-^  as  used  in  the  preceding  propositions. 

Recapitulating,  we  have  for  the  elementary  machines  the 
nechanical  advantage  : 

T    .1     1  the  arm  of  the  power 

In  the  lever  =  -. ■ — ^r-, — ^    .  , 

the  arm  oi  the  weight 

,      ,        1111        the  radiuJ  of  the  wheel 

in  the  wheel  and  axle  =  —, r^ -^—^ -, — 

i  the  radius  ol  tlie  axle 

• 

X  ,111        the  number  of  teeth  in  the  wheel  of  W 

In  toothed  wheels  =  -. t tt- — -r—. — -r -. — \ — ^jt-q- 

the  number  ot  teeth  m  the  wheel  ot  F 

In  the  single  moveable  pulley  =  2 

In  the  first  system  of  puUics  =  2",  where  n  =  number  of  move- 
able puUies 

In  the  second  system  of  pullics  =  w,  where  n  =  number  of  cords 

at  the  lower  block 

In  the  third  system  of  pullies  =  2"+*  —  1,  where  n  =  number  of 

moveable  pullics 

,.,.,,  the  length  of  the  plane 

In  the  inclined  pla""  =  a,e  hei|ht  of  the  plane 

,  ,  the  side  of  the  wedfr© 

In  the  wedge  =  hafthrback  of  the  wedg'e 

the  circumferepce  described  by  the  power 
in  the  screw  -  ^^  distance  between  two  contiguous  threads 
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55,  Projp.     Tojifid  the  mechanical  advantage  of  a  combina- 
tion of  any  number  of  elementary  machines. 

We  may  suppose  the  machines  to  be  connected  together^y 
cords  or  rigid  rods,  and  the  tension  or  reaction  in  any  coraTei' 
rod  will  be  tlie  iveight  to  the  machine  above  and  the  power  to 
the  machine  below.  Let  the  number  of  machines  be  w;  and  let 
.  tn-u  be  the  tensions  or  reactions  in  the  con- 
necting cords  or  rods. 


/j,  t^t  t^,  &c. 


Let  P  =  the  power  for  the  whole  combination. 
W  =  the  weight         -         -         -         - 


W 


The  mechanical  advantage  of  the  combination  =   ^ 


_     W      tn-i     tn-2 
In— I     tn—2    In-S 


.&c. 


tj    tj_ 


a^i,  tti 


if  «!,  Og,  flg,  &c.  ,  ,  ,  ttm  be  the  mechanical  advantages  of  each 
of  the  separate  machines. 

Or,  the  mechanical  advantage  of. a  combination  of  machines 
equals  the  product  of  the  mechanical  advantages  of  the  separate 
machines. 


56,  Prop. 

screw. 


To  find  the  mechanical  advantage  in  the  endless 


This  machine  is  a  combination  of  the 
screw  and  the  wheel  and  axle.  The  wheel 
has  projections  or  teeth  on  its  circumfer- 
ence, set  obliquely  so  as  to  fit  the  thread 
of  the  screw ;  the  power  being  applied  at 
the  handle  of  a  winch,  by  which  the  screw 
presses  against  the  teeth  of  the  wheeland 
supports  a  weight  hanging  from  the  axle. 


The  mechanical  advantage  of  the  endless  screw  = 

the  circumference  described  by  the  power      radius  of  the  wheel 
the  distance  of  two  threads  of  the  screw         radius  of  the  axle 
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Example.  Let  the  winch  be  10  inches,  the  distance  of  con- 
tiguous threads  of  the  screw  ^  inch,  the  radius  of  the  wheel  10 
inches,  and  that  of  the  axle  1  inch. 


'^ 


The  mechanical  advantage = x  -r 


=3141 
r,  a  powei:  of  one  pound  will  sustain  more  than  three  thousand 
pounds  by  such  a  machine. 

57.  Prop.     To  find  the  mechanical  advantage  of  a  combina- 
tion of  levers. 


Let   C,    e,   C,   C"   be   the 

fulcrums  of  the  levers.     Let  the 

power  (P)  act  at  y/,  and  the  weight 

fV)  at  B" ;  the  last  lever  being 

•  f  the  first  kind,  and  the  other 

three  of  the  second  kind.     Let 

////,  BA\  B'A'"  be  rigid  rods 

onnecting  the  levers. 

The  mechanical  advantage  of 
the  combination  = 


A' 


f      B 


0 


CAxCA  X  C'A'x  C  -i 

CB  X  cn  X  c'lr  X  c'lr 


Ex.  Let  the  mechanical  advantage  of  each  lever=10;  the 
mechanical  advantage  of  the  combination  =  10' =  10000;  or,  a 
:'()wer  of  one  pound  will  sustain  a  weight  of  ten  thousand  pounds 
l>y  such  a  combination  of  levers. 

The  weighing  machine  for  carts  and  waggons  is  a  combina- 
ion  of  levers;  the  first  being  a  pair  of  framework  levers  which 
upport  the  platform,  on  which  the  cart  or  waggon   is  placed 
when  weighed. 


5S.  Prop.      To  find  the  relation  of  the  power  to  th. 
roduced  in  the  comltination  of  levers  called  the  knci . 


vri'usiiro. 
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>P 


A  combination  of  levers  like  the 
annexed  figure  is  used  with  advan- 
tage in  cases  where  a  very  great 
pressure  is  required  to  act  through 
only  a  very  small  space,  as  in  coining 
money,  in  punching  holes  through 
plates  of  iron,  in  the  printing-press, 
&c.  The  lever,  AB,  turns  about 
a  firmly -fixed  pivot  at  A,  and  is 
connected  by  another  pivot  at  B  to 
the  rod  BCy  whose  extremity,  C, 
produces  the  pressure  on  the  ob- 
stacle, as  E  in  the  figure,  being 
retained  in  its  proper  motion  by 
some  contrivance  p'roducing  a  similar  action  to  the  lever  DC  in 

the  figure. 

/ 

Let  the  power  (P)  act  horizontally  at  some  point  F,  in  the 
lever  AB,  Let  ANE  be  a  vertical  line  meeting  the  direction  of 
P  in  Ny  and  DE  a  horizontal  plane  with  the  substance  subject 
to  pressure  dX  E, 

Let  i^  =  the  reaction  of  the  rod  BC  m  the  direction  of  its 
length,  and  AM^  DL  perpendiculars  upon  its  direction  from  A 
and  D,     Let  W  be  the  vertical  pressure  of  the  substance  at  E, 

Taking  the  moments  about  A  and  Z),  in  equilibrium^ive  have 

P.  AN  =  R.AM 

W.DE^R.DL 

^     ^AN   DL 
or,  W=P 


DE    AM 

W     AN  DL 


or. 


P     AM  DE 


When  BC  comes  nearly  to  the  vertical  direction,  DL  comes 
nearly  equal  to  DE^  and  AN  becomes  AF  nearly,  whilst  AM  is 
very  small. 

W     AF 

So  that  we  have  -^  =  -j-jq.  nearly,  which  is  then  very  great. 
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ON  THE  COMMON  BALANCE. 


The  common  balance,  as  ordinarily  constructed,  is  a  bent 
lever,  in  which  we  have  to  take  into  consideration  the  weight  of 
the  lever  itself. 


In  the  figure,  A  and  B 
are  the  points  from  which 
the  scale-pans  and  weights 
are  suspended;  Cis  the  ful- 
crum, being  the  lower  edge 
of  a  prismatic  rod  of  steel  ^ 
projecting  on  each  side  of 
the  beam  ;  when   the  ba- 
lance is  in  use,  these  edges 
on  each  side  of  the  beam, 
as  at  C,  rest  on  hard  sur- 
faces, so  that  the  beam  turns  freely  about  C,  as  fulcrum, 
lower  figure  let  C,  A,  and 
B  be  as  before ;  AB  being 
the  line  joining  the  points 
of  suspension.     Draw   CD 
a   perpendicular    on   AB  ; 
when  the  beam  is  symme^ 
trical  on  each  'stdc  of  C,  its 
center  of  gravity  will  be  at 
some  point  as  ^  in  CD. 

The  requisites  of  a  good 
balance  are : 


In  the 


ImL   That  the   beam   rests   in   a  horizontal   position  when 
aded  with  equal  weights. '^S!>(^ka^^^KSti2C •     l'-^^nf,A  r,i 

■  *<I.  That  the  balance  possesses  great  sensibility. 

S(l,  That  it  possesses  great  stability. 

For  the  first  condition,  it  is  necessary  that  the  arms  are  of 
^ual  lengths,  and  that  the  beam  is  symmetrical  on  each  side  of 
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C,  with  tlio  points  of  suspension  and  the  center  of  gravity  below 
tliat  point.  When  this  is  the  case,  we  shall  have  the  perpendi- 
cular CD  bisecting  AB  m  D, 

59.  Prop.  To  investigate  the  conditions  that  a  balance  may 
possess  great  sensibility  and  great  stability. 

A  balance  possesses  great  sensibility,  when,  for  a  small  differ- 
ence between  the  weights  P  and  Q  with  which  it  is  loaded,  the 
line  AB  is  considerably  deflected  from  the  horizontal  position  in 
which  it  rests  when  loaded  with  equal  weights.  ILet  M  C  E  N 
be  a  horizontal  line  through  C,  meeting  AB  in  E,  and  let  the 
angle  3IEA=d,  The  sensibility  depends  on  the  magnitude  of 
6  compared  with  the  difference  P—  Q  of  the  weights.  Let  w 
"equal  the  weight  of  the  beam.  Let  the  horizontal  line  through 
C  meet  the  vertical  lines  through  A  and  B  in  M  and  N  respec- 
tively ;  and  those  through  g  and  D  in  a  and  d  respectively. 
Then  MN  is  bisected  in  d. 

Taking  the  moments  about  C,  we  have  in  equihbrium 
P.CM-Q.CN-w.Ca=0 
or,  P(Md-Cd)-Q{Nd-{-Cd)-w,Ca=0 
or,  (P-Q)^/)cos.^-(P+Q)Ci)sin.6'-«;.C^sin.  6'  =  0 

Let  the  length  AD  or  BD  of  the  arms  =  a,  CD  =  d,  and 
Cg  =  h. 

then,  {P-Q)a-{iP-\-Q)d  +  w.h}Vdn.e  =  0 

.  .       ^_      iP-Q).a 
"^^'''^-{P+Q)d  +  w:h 

We  see  that  6,  and  therefore  the  sensibility,  will  be  increased 
for  given  values  of  P  and  Q  by  increasing  «,  and  by  diminishing 
w,  d,  and  A;  or,  by  increasing  the  lengths  of  the  arms,  by  dimi- 
nishing the  weight  of  the  beam,  and  by  diminishing  the  dis- 
tances of  the  fulcrum  from  the  center  of  gravity  of  the  beam, 
and  from  the  line  joining  the  points  of  suspension  of  the  scale- 
pans. 

A  balance  possesses  great  stability,  when,  being  loaded  with 
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equal  weights,  on  being  disturbed  it  returns  quickly  towards  its 
position  of  equilibrium.  The  stahility  is  therefore  greater  as 
the  moment  bringing  the  beam  towards  its  horizontal  position  is 
greater. 

Or,  since  P  =  Q, 

as  PXN-P.CM-\-tc.  Ca  is  greater; 


or,  as  P{Nd+  Cd-Md-  Cd)  +  w,  Ca 

=  (2P.d-{-wJi)  sin.  ^  is  greater. 

This  is  greater  for  given  values  of  P  and  d,  as  d,  w,  and  h  are 

increased. 

We  see  that  the  sensibility  of  the  balance  is  diminished  as 
we  increase  the  stability ,  but  that  we  may  increase  the  sensibility 
without  injuring   the  stability  by  increasing  tlie  length  of  the 


We  see  also  that  balances  must  be  adapted  to  the  uses  they 
are  to  be  applied  to.  The^wg,  delicate  balance  of  the  chemical 
hiboratory  must  possess  great  sensibility,  but  we  must  not  ex- 
pect great  stability.  For  weighing  coarse  ivares,  it  is  of  more 
consequence  that  the  balance  possesses  great  stability  than  that 
it  shews  very  small  differences  of  weight,  where  the  material 
weighed  is  not  of  great  value. 


ON  THE  STEELYARD  BALANCE. 

The  stedyard  has  a  longer  and  a  shorter  ann,  .i.^  iii  iuc 
figure;  the  substance  to  be  weighed  being  liung  from  the  point 
//  in  the  shorter  arm,  its  weight  is  found  from  the  distance  to 
which  the  constant  weight  P  must  be  moved  on  the  longer  arm 
in  order  to  balance  it. 

(iO.  ruoi*.  To  shew  that  the  divtsuuis  on  the  longer  arm  of 
the  steelyard y  which  correspond  to  equal  additions  of  tceiyht  in 
the  body  weighed^  must  be  in  a  succession  of  equal  distances* 

Let  the  projecting  knife-edge  at  C  be  the  fulcrum,  and  J 
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the  point  from  which  the 
weight  W  is  suspended. 
Let  P  be  the  moveable 
weight.  When  no  weight 
is  suspended  from  yi,  the 
longer  arm  will  prepon- 
derate ;  let  a  be  the  point 
from    which   P  must   be 

suspended  to  produce  equilibrium.  Take  Cb=Ca,  then  P  at  6 
would  balance  P  at  a  if  the  lever  was  without  weight,  conse- 
quently we  may  consider  it  without  weight  if  we  suppose  a 
weight  equal  to  P  to  be  hung  from  b.  Let  the  steelyard  be  in 
equilibrium  from  the  weight  of  W  at  A,  of  F  at  B  and  the 
effect  of  the  weight  of  the  lever. 


From  the  equality  of  the  moments  about  C  we  have 
W.CA-P,CB-P,Cb  =  0 

W      CB+Cb 
^^''  P  =-AC- 

_aR 
^  AC 

U  W=P  then  aB  =  AC 

-  W  =  2P    -    aB  =  2AC 

-  W=SP    -    aB  =  SAC 

-  W=n.P'    aB  =  n.AC 

Or,  for  every  additional  weight  P  by  which  W  is  increased,  the 
moveable  weight  will  have  to  be  moved  a  distance  equal  to  AC 
further  along  the  arm  to  balance  it ;  and  for  equimultiples  of  P 
the  divisions  will  be  in  a  succession  of  distances  equal  to  AC 
counted  from  a. 


This  same  rule  holds  for  increments  of  ^corresponding  to 
any  fractional  part  of  P.     Let  it  be  required  to  graduate  the 

steelyard  for  a  succession  of  weights  increasing  by 


m 


From  the  expression 


W 


aB 
AC 
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IV       aB 
we  have  -77  = 


P 

in 


AC 

m 


Let  jr  =  N.~,  where  N  is  any  integer. 
A^=  ~  or,  a5  =  iST 

AC 

m 


AC 


Giving  N  a  succession  of  integral  values,  we  shall  have  for 

AC 

nB  a  succession  of  distances  counted  from  a,  increasing  by 


m 


It  is  scarcely  necessary  to  remark,  that  the  method  supposed 
to  be  followed  above  would  never  be  the  practical  method  of 
graduating  the  steelyard;  but  the  discussion  is  of  use,  to  shew 
that  the  divisions  must  be  at  equal  distances. 


ON  THE  BENT  LEVER  BALANCE. 


ni.  This  balance  is  similar  to  the 
figure,  where  BCD  is  the  bent  lever, 
turning  about  a  pivot  at  C,  A  scale 
{/f)  hangs  from  B;  and  at  D  an  index 
]K)ints  to  some  division  on  the  graduated 
lie 

Let  ^  be  the  center  of  gravity  of  the 
beam  at  which  its  weight,  w^  acts.  The  weight  of  the  scale  {A) 
and  the  weight  [W)  of  a  body  placed  in  it  will  act  vertically 
tlirough  B.  If  we  draw  a  horizontal  line  through  C,  meeting 
the  vertical  lines  through  g  and  B  respectively  in  m  and  6,  we 
must  have,  in  equilibrium, 

w.Cm-iA'k-Jl^Cb^O 

Now,  as  greater  weights  are  put  into  the  scale  Ay  the  point  B 
omes  more  nearly  to  the  vertical  line  through  C,  from  the  bent 
orm  of  the  beam;  and  the  distance  Cm  increases,  so  tlmt  the 
ax  may  be  graduated  from  the  positions  of  the  index  at />  for 
I  succession  of  weights  put  into  A,     When  the  arc  has  been 
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thus  graduated  experimentally,  the  weight  of  a  body  placed  in 
the  scale  is  told  very  quickly  by  the  division  on  the  arc  to  which 
the  index  rises.  When  it  is  required  to  sort  a  great  number  of 
bodies  into  classes  of  different  weights,  but  where  extreme  nicety 
is  not  essential,  this  balance  is  the  most  convenient  for  the 
purpose. 

ON  roberval's  balance. 


6^.  This  balance  is  of  greater  interest  from  its  paradoxical 
appearance  than  from  its  use  as  a  machine  for  weighing  bodies. 
It  consists  of  an  upright  stem  upon  a  heavy  base,  A^  with  equal 


-PL 


Or^ 


do\\ 


H} 


5 


crossbeams  turning  about  pivots  at  a  and  h.  These  crossbeams 
are  connected  by  pivots  at  c,  d,  e,/,  with  other  equal  pieces  in 
the  form  of  the  letter  T;  the  weights  are  hung  from  the  horizon- 
tal arms  of  the  latter  pieces;  and  the  peculiar  property  of  the 
balance  is,  that  equal  weights  balance  at  all  distances  from  the 
upright  stem :  thus,  two  equal  weights  (P),  as  in  the  figure,  ba- 
lance;  although  one  may  hang  at  B  much  nearer  the  upright 
stem  than  C,  the  point  from  which  the  other  hangs. 

This  property  is  easily 
proved  from  the  theory  of 
couples.  Let  the  letters 
in  the  annexed  figure  in- 
dicate the  same  parts  as 
in  the  former. 

Let  equal  and  oppo- 
site forces  Pi  and  Pg,  as 
in  the  figure,  act  in  ec. 
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each  equal  to  P;  and  similarly  let  P3  and  P4  act  in  df.  These 
forces,  Pi,  Pg,  P3,  P4,  will  not  affect  the  equilibrium;  and  P  at 
B  is  equivalent  to  Pj  at  c  and  the  couple  P,  Bhy  Po.  Similarly, 
P  at  C  is  equivalent  to  7^^  at/,  and  the  couple  P,  Ck^  P3.  The 
forces  Pi  at  e  and  P4  at/ will  evidently  balance. 

The  couple  P,  PA,  Pg  is  equivalent  to  a  couple  Qi,  ec,  Qg  in 
its  own  plane,  of  equal  moment,  in  which  we  may  take  the 
forces  Qi  and  Q.>  acting  in  the  directions  of  the  crossbeams  eh, 
aCf  which  always  remain  parallel  to  each  other  as  tliey  turn  on 
the  pivots.  These  forces  Qj  and  Qg  are  destroyed  by  the  resist- 
ance of  the  pivots  b  and  a;  and  similarly,  if  Pi,/c?,  JL  were  the 
corresponding  couple  on  the  other  side,  P^  and  7^2  would  be  de- 
iroyed  by  the  resistance  of  b  and  a.  These  couples  therefore 
would  not  affect  tlie  equilibrium,  and  the  original  forces  P  at  B 
and  P  at  C  must  be  in  equilibrium. 

If  the  beams  cad,  ebfhe  moved  round  the  pivots  into  any 
ol)lique  position,  the  same  reasoning  holds  good,  and  the  equili- 
rium  still  subsists. 

It  is  easy  to  see  that  unequal  weights,  as  P  and  Q,  could  not 
balance  when  hanging  from  any  points. 


CHAPTER  VIII. 

APPLICATION  OF  THE  PRINCIPLE  OF  VIRTUAL  VELOCITIES  TO 
THE  MECHANICAL  POWERS. 

We  saw  in  Articles  26  and  27  that  the  principle  of  virtual  velo- 
cities holds  good  for  all  cases  of  the  equilibrium  of  a  free  body 
under  the  action  of  any  number  of  external  forces. 

We  may  consider  the  effective  parts  of  the  mechanical  powers 
as  free  bodies  if  the  reactions  of  the  parts  which  support  there 
be  taken  with  the  other  external  forces  ;  and  the  internal  re- 
actions and  tensions  do  not  enter  the  fundamental  expression 
^{P,v)  =  0.  We  shall  also  generally  have  the  virtual  velocities 
of  the  reactions  of  the  supporting  parts  equal  to  zero  for  the 
possible  displacements  of  the  system. 

In  some  of  the  mechanical  powers  we  have  the  principle  ap- 
plying to  all  possible  displacements  whether  great  or  small,  since 
they  are  always  in  the  direction  of  the  forces ;  as  in  the  wheel 
and  axle,  toothed  wheels,  the  puUies  with  parallel  cords,  the 
inclined  plane,  the  wedge,  and  the  screw.  In  the  lever  and 
the  puUies  with  inclined  cords  we  must  take  the  displacement 
indefinitely  small. 


63.  Prop.  To  shew  that  the  principle 
of  virtual  velocities  holds  good  for  the  wheel 
and  axle  in  equilibrium. 

The  forces  which  act  on  the  wheel  and 
axle  are  the  power  P,  the  weight  JF,  and 
the  reaction  H  of  each  of  the  steps  which 
support  each  end,  C,  of  the  pivot  about 
which  it  turns.  When  the  wheel  and  axle, 
receive  a  displacement  turning  about  C, 
the  virtual  velocity  of  li  equals  0. 
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Let  A  and  B  be  the  points  at  which  the  cords  left  the  wheel 
and  the  axle  respectively  before  displacement ;  A',  B',  after- 
wards. Then  fF  ascends  through  the  space  IFJV'=  axe  BBf, 
and  P  descends  through  PF'  =  arc  AA\  WfV*  is  a  negative 
virtual  velocity  if  PP'  be  positive. 

By  the  principle  of  virtual  velocities, 

PxPP'-WxWW'=0 

or,  Px3iTcAA'-JVxarcBB'  =  0 

or,  PxACx  ang\eACA-  WxBCx  angle  BCB'=0 

PxAC-WxBC=0 

W_AC 

""^^  P^BC 

tlie  condition  of  equilibrium  as  found  in  Article  41. 


64.  Prop.     To  sheio  that  the  principle  of  virtual  velocities 
holds  good  in  a  pair  of  toothed  wheels. 

Let  the  circles  in  the  figures 
represent  the  pitch-lines  of  the 
wheels  which  roll  on  each  other 
without  slipping,  and  let  Oi,  Og 
be  the  points  which  were  in  con- 
tact in  the  line  CC  before  dis- 
turbance. Then  the  other  let- 
ters being  as  in  Article  42,  we 
have 

arc  00i  =  arc  00^ 

P's  displacement  =  ^7^ 

=^C'x angle  OyCO 

^ACx^^)2 


~^6 


W'3  displacement  =  H^W 


By  the  principle  of  virtual  velocities, 

PxPP'-WxWJr^O 
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arc  OyO 


arc  0,,0 


or,  Px^(7x"':;r.r-^xci?x"^^xr  =o 


CO 
^CO  CO 


CO 


W     AC   CO 


or,  -77  = 


V  when  ^C'=i?C, 


_  C"^ 

"  CO 

as  found  for  the  condition  of  equilibrium  in  Article  42. 

Q5,  Prop.     To  shew  that  the  principle  of  virtual  velocities 
holds  good  in  the  single  moveable  pulley  with  the  cords  parallel. 

In  the  figure,  if  the  pulley  A  be  raised  to  A' ,  we 
shall  have  AA' =  WW'=\PF,  since  each  of  the 
cords  passing  round  the  pulley  A  must  be  shortened 
by  a  length  =  WW,    And  ^^^  is  a  negative  virtual 

velocity. 

.-.  PxPP'-Wx  WW'=0 

gives  PxPP-Wx  \PP=  0 

W 

or,  -^ 


TA' 


vi> 


2 


^ 


w 


the  condition  of  equilibrium  as  found  in  Article  44. 

^,  Prop.     To  shew  that  the  principle  of  virtual  velocities 
holds  good  in  the  first  system  ofpullies.  , 

Referring  to  the  figure  in  Article  46,  we  see  that  if  P  de- 
scended through  a  space  PP', 

the  pulley  a„  would  be  raised  a  space  |  PP' 

the  pulley  a„-i 


the  pulley  03- 

the  pulley  flg    - 

the  weight  W  or  the  pulley  a^   - 
and  the  equation  of  virtual  velocities 


PB' 

2^ 
&c. 
PF 

2n-2 

PP' 

2n-l 

PP' 

2n 
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PxPF-Wx  ^^^  =  0  becomes 

PP' 
PxPP''-JFx^=0 

the  condition  of  equilibrium  when  the  weights  of  the  pullies  are 
counterbalanced  or  neglected. 

67,  Prop.  To  shew  that  the  principle  of  virtual  velocities 
holds  good  in  the  second  si/ stem  of  pullies. 

Referring  to  the  figure  in  Article  47,  we  see  that  if  the 
weight  be  raised  through  a  space  JVTV,  each  of  the  n  cords  at 
the  lower  block  must  be  shortened  the  same  quantity,  or  P 
must  descend  through  a  space  ?i  x  WJV\  The  equation  of  vir- 
tual velocities  is 

PxPP'-WxWW'=:0 

which  becomes  Pxn,  WW -Wx  WW'  =  0 

W 
or,  p  =  n 

the  condition  of  equilibrium  as  in  Article  47. 

OS,  Prop.  To  shew  that  the  principle  of  virtual  velocities 
twlds  good  in  the  third  system  of  pullies. 

Referring  to  the  figure  of  Article  48,  we  see  that  if  ^  be 
raised  a  space  =  WW' ,  each  cord  will  be  shortened  in  conse- 
quence a  space  equal  to  it.  The  highest  moveable  pulley,  <i„, 
will  descend  through  the  same  space,  WW',  The  next  pulley, 
Qm-u  will  descend  through  a  space  2.  WW ,  in  consequence  of 
the  descent  of  a„,  and  WW  in  consequence  of  the  elevation  of 
//',  or  will  descend  on  the  whole  (2+1)  WW, 

Similarly,  the  pulley  a,  .3  will  descend  through 

{2(2+i)+i}fr;r=(2«+2+i);rfF'. 

Proceeding  in  the  same  way,  we  find  that  pulley  ^73,  or, 
-T=3i  ^ill  descend  through  the  space 

(2-»  +  2-^H-&c.  .  .  .  +2+l);f7r 
II 
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and  <73  through  the  space  (^"-^  +  2"-3 -f  &c.  ...  +2  +  1)  WfV 
fli  -  .  (2«-^+2«-2  +  &c.  .  .  .  +2+\)WW 

P  descends  through  twice  the  last  found  space  in  conse- 
quence of  the  descent  of  the  pulley  flj,  and  through  the  space 
}VW\  in  consequence  of  the  elevation  of  the  weight ; 

ov,PP'=WW'  {2(2«-^  +  2«-2  +  &c.  .  .  .  +2+l)  +  l} 

The  equation  of  virtual  velocities  is 

PxPP'-Wx  WW=0 

which  becomes  Px  TVW  (2«+i-l)-  Wx  WW'=  0 

W 
or,  ^=2«+i-l 

the  condition  of  equilibrium  when  there  are  n  moveable  pullies, 
as  in  Article  48. 

69.  Prop.     To  shew  that  the  equation  of  virtual  velocities 
holds  in  the  inclined  plane. 

Taking  the  most  general  case, 
when  the  force  (P)  makes  any  angle 
€  with  the  plane.  Let  a=  l_BAC ; 
a  the  first  position  of  the  body  whose 
weight  is  W;  a  the  position  of  it 
after  a  disturbance. 

Drawing  the  perpendiculars  av, 
au,  we  have  —avy  the  virtual  velo- 
city of  P=-—ad  cos.  e,  and  aw,  the 
virtual  velocity  of  W=aa  sin.  a. 

By  the  equation  of  virtual  velocities, 

Pxa'v—  Wx  au  =  0 

or,  P  X  aa  cos.  e—  TVx  aa  sin.  a  =  0 

W    COS.  e 

or,  ^^=^ 

P      sm.  a 

as  found  for  the  condition  of  equilibrium  in  Article  50. 


a' 

^ 

a 
u 

^^^ 

---•'\» 

A 

\ 

( 

N 

f 
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70.  Prop.     To  sheic  that  the  principle  of  virtual  velocities 
holds  for  the  wedge. 

Let  ^P  be  the  whole  power,  R  and 
R  the  pressures  perpendicular  to  the 
smooth  sides  of  the  wedge  ABC,  which 
produce  equiUbrium. 

Let  the  wedge  be  displaced  to  the 
})osition  ABC,  The  displacement  of 
the  point  of  application  of  P  is  aa  in 
the  figure,  =AA';  that  of  6,  the  point 
of  application  of  R,  is  bb'  =  Am,  a  per- 
pendicular from  A  on  ^B  ;  and 

BAC 


Am=AA' 


„    : 

p 
y 

a 

;.\  J 

^      / 

>^ 

i 

i 

f 

Sin. 


2 


The  equation  of  virtual  velocities  is 

Pxaa'  —  Ry.hh'  =  0 

or,  PxAA-RxAA  sin. ^i^  =  0 


R  = 


sin. 


BAC 

2 


s  found  in  Article  53,  for 
the  condition  of  equiUbrium 
of  the  wedge. 


71.  Prop.   To  shew  that 
Ihe  principle  of  virtual  velo-  ^  ^  ^ 
I  ties  holds  for  the  screw. 

Suppose  the  power  P  p* 
to  act  by  means  of  a  cord 
passing  over  a  pulley  upon 
a  wheel,  as  perpetual  lever, 
fixed  to  the  cylinder  of  the 
screw. 

Let    A    be    the    point 
where    the    cord    left    the 


A' 
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wheel  when  the  power  was  at  P  and  the  weight  at  W ;  and  let 
A\  P*,  JV  be  their  positions  after  a  disturbance, 
PF=^qxqAA =AC  x^ng\e  ACA' 

^^'= distance  of  two  threads  x — ^—^ 


By  the  equation  of  virtual  velocities, 

PxPF-WxWW'=0 
or,  PxACx  angle  AC  A'—  Wx  distance  of  two  threads  x 


angle  ACA'  _^ 


or 


'  P' 


2itAC 


distance  of  two  threads^.  ^ 

the  condition  of  equilibrium  as  found  in  Article  54.    '   ^^\^ 

72.  Prop.     To  shew  that  the  principle  of  virtual  velocities 
holds  in  a  lever  of  any  form. 

Let  ACB  be  the  lever     \ 
before  displacement,  A'CB 
its  position  after. 

From  A'  draw  A'v  per-  « 
pendicular  to  AP,  and  from 
J5',  Bu  perpendicular  to  J?  Q 
produced.  Av  is  the  virtual 
velocity  of  P,  Bu  that  of  Q, 
and  negative.  Now,  when 
the  displacement  is  indefi- 
nitely small,  the  circular  arcs 
AA\  BB  become  straight  lines,  and 

Av=AA'  X  cos.A'Av=ACx  angle  ACA  x  cos. (P^C- 90'') 

=  ^C.  sin. P^C.  angle  ^C^' 

Bu=BC.  sin.  Q^C.  angle  BCB 

and  angle  A  CA' = angle  B  CB 

The  equation  of  virtual  velocities  is 

PxAv-QxBu=0 
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or,  P.AC, sin. PAC- Q.BC, sin.  QBC=0 

PBC. sin,  QBC  • 
^^'  Q^ AC,  sin.  PAC 
as  found  in  Article  39  for  the  condition  of  equilibrium. 

73.  Prop.     To  shew  that  the  principle  of  virtual  velocities 
holds  in  the  single  moveable  pulley  with  the  cords  inclined. 

Let  A  be  the  point  where  the  b 
cords  produced  would  meet  at 
the  first  position  of  the  pulley, 
when  P  and  JVare  the  positions 
of  the  power  and  the  weight. 

Let  P  be  displaced  to  P' 
when  the  weight  is  raised  to  W*^ 
or  the  point  of  meeting  of  the 
cords  to  A.  Draw  the  circular  arcs,  Ain,  A'n^  with  centers  B 
and  C.  When  the  displacement  is  indefinitely  small,  the  arcs 
I'm,  An  become  straight  lines,  and 

Am = A  A'  cos.  BAA' = An 

PP'=Am  +An=2AA  COS.  ^^ 
WW'^AA' 


The  equation  of  virtual  velocities  is 

PxPP-WxlVJV'^O 

becomes  P  x  2AA  cos.  —^ Wx  AA  =0 

W    ^       BAC 

or,  27=2  cos.-^ 

as  found  for  the  condition  of  equilibrium  in  Article  45. 


In  the  preceding  propositions,  the  expression 
PxPP=WxWW' 
WW*     P 

explains  the  principle  that,  "  in  using  any  machine,  wbatfwo 
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gain  in  power  we  lose  in  time."  For,  in  order  that  W  may  be 
raised  through  any  given  space,  we  must  have  the  space  moved 
through  by  P  increased  in  the  same  ratio  that  the  magnitude  of 
P  is  diminished. 


EXAMPLES  ON  CHAPTERS  VI.  VII.  AND  VIII. 

Ex.  1.  A  lever  30  feet  long  balances  itself  upon  a  prop 
of  its  length  from  the  thicker  end ;  but  when  a  weight  of  10 
pounds  is  suspended  at  the  other"  end,  the  prop  must  be  moved 
2  feet  towards  it,  to  maintain  the  equilibrium:  fihew  that  the 
weight  of  the  beam  is  90  pounds.       \/f  •  -u  ^  \\>  K'D 

Ex.  2.  The  forces  P  and  Q  act  at  arms  a  and  b  respectively 
of  a  straight  lever  which  rests  upon  a  fixed  point  to  which  it  is 
not  attached.  When  P  and  Q  make  angles  a  and  ^  with  the 
lever,  shew  that  the  conditions  of  equilibrium  are 

Pcos.  a+Qcos.y8  =  0 

Pa  sin.  a—  Q  h  sin.  y8  =  0 

Ex.  3.  The  beam  of  a  false  balance  being  of  uniform  density 
and  thickness,  it  is  required  to  shew  that  the  lengths  of  the  arms 
(fl  and  h)  are  respectively  proportional  to  the  differences  between 
the  true  (  W)  and  apparent  weights  {P  and  Q).  Or  to  shew  that 
the  weight  of  the  beam  being  considered,  we  have 

a^P-W 
b~W-Q 

Ex.  4.  Two  given  weights  hanging  vertically  from  two 
given  points  in  the  rim  of  a  wheel,  find  the  position  in  which 
the  greatest  weight  will  be  sustained  on  the  axle. 

Let  P  and  Q  be  the  weights,  a  the  angle  contained  between 
the  radii  drawn  to  the  points  of  suspension,  which  are  given. 
Let  6  be  the  angle  which  the  lower  radius  (that  of  P)  makes 
with  the  vertical  direction.  It  is  shewn  by  means  of  a  subsidiary 
angle,  and  without  the  differential  calculus,  that 

^     P+  Q  cos.  a. 

tan.  u  = pr— : 

Q,  sin.  a 
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Ex.  5.     If  I  be  the  mechanical  advantage  of  a  lever,  and  s 
the  mechanical  advantage  of  a  screw,  shew  that  the  mechanical 


advantage  of  the  common  vice  is  I 


Ex.  6.  Apply  the  principle  of  virtual  velo- 
cities to  find  the  relation  of  the  power  to  the 
weight  in  the  endless  screw,  as  found  in  Article 


Ex.  7.  Shew  that,  in  the  annexed  system  of 
pullies,  JF=5P,  Apply  the  principle  of  virtual 
velocities  to  find  the  same  result. 

Ex.  8.  In  the  annexed  system  of  three  move- 
ible  pullies,  with  the  cords  at  each  pulley  inclined 
1()°  to  each  other,  shew  that 

^=P(3)i 

'  )btain  the  same  result  by 
means  of  the  principle  of 
virtual  velocities. 

Ex.  9.  She^  that  in 
very  combination  of  the 
mechanical  powers,  the  re- 
lation of  the  power  to  the 
weight  may  be  found  by  the 
principle  of  virtual  velo- 
cities. 


Z 


p 

A 


m 


^ 


CHAPTER  IX. 


ON  THE  EQUILIBRIUM  OF  A  SYSTEM  OF  WEIGHTS  SUSTAINED  BY 
CORDS  OR  BEAMS, 


74.  If  a  weight  W  he  hung  from  a  hnot  C  at  which  the  cords 
ACf  BC  {supposed  without  weight)  meet,  and  the  lengths  of  the 
cords  and  the  position  of  A  and  B  are  given;  to  find  the  tensions 
in  the  cords. 


The  geometrical  data  give  the  angles 
which  AC  and  BC  make  with  the  ver- 
tical direction ;  let  them  be  a  and  yS  re- 
spectively. 


If  ^1  and  ^2  ^e  the  tensions  in  the 
two  cords  AC  and  BC  respectively,  we 
may  find  their  values  by  the  properties 
of  the  parallelogram  of  forces  or  other- 
wise analytically  as  in  Article  23,  as  follows : 


Resolving  horizontally  and  vertically, 
ti  sin.  a — ^2  sin.  /8  =  0 
ti  cos.  a  +  ^2  COS.  yS  —  W=  0 


(I) 

(2) 


Multiply  (1)  by  cos.  /3,  (2)  by  sin.  /3,  and  add,  we  find, 
ti  (sin.  a .  COS.  yS  +  cos.  a .  sin.  yS)  —  ?r.  sin .  /3 = 0 
W,  sin.  /3 


or,  ^1  = 


Similarly, 


sin.(a  +  y3) 


^,  =  -v 


Wsin,  OL 


sin.(a  +  y8) 


We  should  find  these  results  at  once  from  Article  6,  but  the 
equation  (1)  shews  us  a  property  in  addition,  which  we  shall  find 
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to  hold  for  systems  of  any  number  of  cords  and  beams,  namely, 
that  the  resolved  parts  of  the  tensions  horizontally  are  the  same 
in  each. 


75.  Prop.  To  investigate  the  form  and  properties  of  the 
funicular  polygon,  or  a  system  of  cords  connected  by  knots  from 
which  given  tceights  are  hung. 

Let  ABCDEF  be  the  a 
polygon  formed  by  cords 
connected  by  knots  at  the 
points  B,  C,  Dy  E,  Let 
AF  be  a  horizontal  dis- 
tance which  is  given,  as 
well  as  /i,  Uy  Izi  Sec.  the 
lengths  of  the  cords  AB, 
BC,  CD,  &c.,  which  we 
suppose  without  weight. 

Let  ^1,  fTg,  ^Fg,  &c.  be 
the  weights  suspended  from 
B,  C,  D,  &c.  respectively. 

The  above  being  given, 
we  have  to  determine  the 
tensions  in  the  cords,  and 
the  angles  they  make  with  the  vertical  direction. 

Let  /i  =  tension  in  AB,  ^2='ciision  in  BC,  ^3= tension  in 
CD,  &c. 

Let  ai,  ffi  be  angles  of  the  cords  with  the  vertical  direction  at  B, 
tH*P%  -  -  "  "  ^* 

&c. 


2). 


If  fi  be  the  number  of  cords,  we  have  n  tensions,  and  2  (»—  1 ) 
angles  to  determine,  from  the  following  equations : 
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AF—li  sin.  «!  — /o  sin.  ao  —  &c.  ...  —  /„_i  sin.  a„_i  — 

/„  sin.  A_i  =  0  (a) 

/l  COS.  «!  +  /tj  cos.  a^  H-  Z3  COS.  «3  +  &C +  ln-\  COS.  a„_i  + 

/„cos.(7r-/3«_0=0  (6) 

Resolving  horizontally  and  vertically  at  each  knot,  we  have 
at  J?,  ^isin.  «!  — ^osin./3i  =  0         ^1  cos.  ai  +  ^gcos.^i— ^i  =  0  (1) 
at  C,  ti  sin.  a^ — ^3  sin.  A  =  ^         ^2  cos.  ag  + 1^  cos.  /J^  —  ^g = 0  (2) 

&c.  &c. 

^„_isin.  a„_i  — ^„  sin.  A-i =0         tn-\  cos.  a„_i  +  ^„  cos.  /3„_i  — 

We  have  also  yS^  +  o^  =  tt,  ^  +  ^3  =  '^y  &c.  .  .  ^„_2  +  «„_!  =  tt, 
which  are  n  —  2  equations. 

We  have,  consequently,  the  equations  (a)  and  (i),  2[n  —  \) 
and  w— 2;  or,  in  all,  Sn—2  equations,  to  find  the  n  tensions 
and  ^n  —  2  angles  as  required. 

Since  /3i  +  a2=7r,  we  have  sin.  ySi  =  sin.  agj  ^i^^  so  onwards, 
sin.y32=sin.a3,  &c.  .  .  .  sin.  yS„_2  =  sin.  a„_i;  therefore  we  see 
that  the  first  of  each  pair  of  the  equations  (1),  (2),  .  .  .  {n—\) 
shews  the  horizontal  component  of  the  tension  in  each  cord  to 
be  the  same ;  for  we  have 

^isin.  ai  =  ^2sin.  ySi  =  ^2sin.  a2  =  ^3sin.  y92  =  &c.  .  .  .    =^„sin.y8„_i 

but  f  1  sin.  «!  =  ti  COS.  A  =  tn  sin.  ^n-i  =  tn  cos.  F 

or  the  resolved  parts  of  the  extreme  tensions  in  the  line  AF  are 
equal  and  opposite. 

From  the  equations  (1),  (2),  .  .  .  (w  — 1),  we  find  by  elimi- 
nating alternately  one  of  the  tensions  in  each  pair, 

^1      _         ^1         _    h 


sin.  ySi     sin.  (ai  +  ^i)     sin.  aj 

fg     ^  ^2         ^     h 

sin.  ySg     sin.  (ag  +  A)     sin.  a2 

&c.  &c.  &c. 


^-1 
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sin.  ^^i      sin.  (a»_i  +  ^,^1)      sin.  a,_, 
From  these  we  find  the  horizontal  tensions  to  be 


cot «!  +  cot.  )8i      cot.  og  -I-  cot.  ySo 


=  &c. .  . .  = 


cot.a„_i  +  cot.)9,^, 


When  the  weight  of  a  chain  supplying  the  place  of  the  cords 
of  the  polygon  is  taken  into  account,  the  problem  becomes  one 
of  considerable  difiiculty,  and  is  connected  with  the  construction 
of  chain  bridges. 

76.  Prop.  T/iree  iniiform  beams  connected  together  form,  a 
triangle,  ABC,  with  AB  horizontal,  and  have  a  iveight,  IV,  hung 
from  C;  to  find  the  reaction  in  each  of  the  beams,  and  to  shew 
that  the  horizontal  part  is  the  same  in  each  beam. 

Since  the  triangle  is  given, 
the  angles  which  the  sides 
-/C,  BC  make  with  the  ver- 
tical direction  will  be  known  : 
let  them  be  a  and  y9  respec- 
tively. 

Let  Ri  be  the  reaction  in 
the  beam  AC,  R^  that  in  BC;  and  let  61  be  the  weight  of  ^C, 
62  that  of  BC, 

Since  the  beams  are  uniform,  the, center  of  gravity  of  each 
will  be  at  its  middle  point,  and  we  may  consider  half  the  weight 
•f  each  to   be  at  each  end,  so  that  the  whole  weight  hanging 

from  C  will  be  W^  ^i±^  =  W  say. 

Resolving  horizontally  and  vertically  at  C,  we  have 

i2isin.«-7?2  8in.y9  =  0  (1) 

R,  cos.  a^-R,  cos.  /9-  ir '  =  0  (2) 

rhe  equation  (1)  shews  that  the  horizontal  ][)arts  of  the  reactions 

ire  equal. 
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Eliminating  alternately  between  the  equations,  we  have 

sin.  /9  ~~  sin.  (a  +  /3)  "~  sin.  a 

and  the  horizontal  part  of  Mi  or  i^g,  or,  as  it  is  called,  the 
horizontal  thrtist  when  the  beams  form  a  roof,  is  equal  to 

cot.  a  -i-  cot.  /3 

which  is  the  reaction  in  the  horizontal  beam  ABj  called  the  tie- 
beam. 


If  the  side  JIB  were  taken  away,  and  its  place  supplied  by  a 
cord,  the  last  expression  would  be  the  tension  in  the  cord.  If 
the  points  A  and  B  rested  on  a  smooth  horizontal  plane,  we 
should  have  the  pressure  on  the  plane 

at  ^  =  i^icos.  a  +  -^ 


and  at  B 


R,  cos,  13+^^ 


77.  Prop.  A  number  (n)  of  beams  connected  by  hinges  form 
a  frame-work  in  a  vertical  plane,  having  weights  hung  from  the 
hinges :  to  find  the  position  of  equilibrium,  and  to  shew  that  the 
horizontal  reaction  at  each  hinge  is  the  same. 


Let  ABCDEF  be  the 
frame- work,  of  which  the  ex- 
tremities A  and  F  are  fixed 
points.  Ijet  AH  and  FH,  a 
horizontal  and  vertical  line, 
begiven,  as  well  as  the  lengths  r,/ 
^i>  bz,  63,  &c.  of  the  beams. 

The  beams  being  given, 
we  may  suppose  the  weight  to  be  applied  at  the  ends,  and  TFi, 
^2>  ^3>  &c.  to  be  the  whole  weights  acting  at  the  hinges,  B,  C, 
Df  &c.  respectively. 


Let  «i,  ^1  be  the  angles  which  the  beams  AB,  BC  make 
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with  the  vertical  line  at  B;  o^,  /S^,  03,  p^,  &c.  the  corresponding 
angles  at  C,  D,  &c. 

Let  7^1,  Jl^  ^3>  &c.  .  .  .  i2«  be  the  reactions  in  the  beams 
commencing  at  A, 

We  shall  have  to  find  n  reactions,  and  2{n  —  \)  angles.  From 
tlie  geometrical  relations  we  have 

yf//— ftisin.ai— fegsin.oo— ftasin.aa— &c.  .  .  .  — 6„sin.y9«_i  =  0   (a) 

FH—  hi  COS.  aj  — 1)2  COS.  Oo  —  ^3  COS.  ag  —  &c.  .  .  .   —  6„  X 

COS.  (7r-)9„_0  =  0  {b) 

Resolving  horizontally  and  vertically  at  each  hinge,  we  have, 
in  equilibrium, 

ati?,7i!isin.«i-i2:jsin.A=0     TZiCos.ai  +  iJ^cos.ySi-  W^^O    (1) 
atCjiZ^sin.o^— ^3sin.y32=0     iJoCos.ag  4-/^3  cos.  ^S^—  fr2=0    (2) 

&c.  &c. 

R^\  sin.  a„_i  —Rn  sin.  )9„_i = 0      Rn-\  cos.  a„_i  +  i2«  cos.  /9„_,  — 

^„_,=  0  (;^-l) 

We  have  also  Pi-\-oL^—'iry  Pi-\-oL^'='n;  &c. .  .  .  ^„_2  +  a,^,=7r, 
or  71  —  2  equations. 

These  equations  being  3»— 2  in  number  suffice  to  find  the  n 

tensions  and  2n  —  2  angles. 

Tiic  expressions  would  have  been   identical  with  those  for 
the  funicular  polygon  if  we  had  taken  F  in  the  horizontal  line 
hrough  yi;  and  they  lead  to  the  same  consequences. 

The  first  of  each  pair  of  equations  (I),  (2),  &c.  shews  that 
the  horizontal  component  of  the  reactions  at  each  hinge  is  the 
same ;  and  by  the  same  process  as  in  Article  75  we  shew  that  it 
is  the  same  at  every  hinge,  and  equal  to 

"'.       =—JEi =  &c....= ^^ 

cot.«j  +  cot.)8|      cot  Oj  H- cot. /Sj,  cot.a»_i  +  cot.)9„_i 


CHAPTER  X. 

ON  FRICTION. 

We  have  hitherto  considered  the  surfaces  on  which  bodies 
pressed  to  be  perfectly  smooth,  so  that  they  offered  no  resistance 
to  motion  parallel  to  themselves,  their  only  reaction  being  per- 
pendicular. 

When  rough  surfaces  are  in  contact,  the  motion,  or  tendency 
to  motion,  parallel  to  the  surfaces,  is  affected  by  the  roughness, 
and  we  call  the  effect  friction. 

Experiments  have  been  made  to  determine  the  laws  of  fric- 
tion, which  we  may  subdivide  into  rubbing  friction,  when  one 
body  rubs  on  the  other,  and  rolling  friction,  when  one  rough 
surface  rolls  upon  another :  the  former  only  will  be  considered 
here,  under  the  term  friction  or  statical  friction, 

78.  If  a  body  rest,  as  at  J,  upon  a  rough  plane,  BC,  it  is 
found  that  a  force,  within  certain  ^ 

limits,   may  act  upon  it  parallel       I         I  f 

to  the  plane  without  motion  en-     [^   '  ^ '  ■ 

suing,  as  would  be  the  case  if  the 
plane  were  smooth.    The  greatest  rS 
force  which   can   be   so   applied, 

without  the  body  moving,  measures  the  friction.  If  i^T  be  a 
weight  acting  by  a  cord  passing  over  a  pulley,  as  in  the  figure, 
on  the  body  Ay  when  motion  is  about  to  take  place,  F  being  the 
opposing  force  of  friction  which  balances  W,  we  have  F  =  JV. 
It  is  found  that  if  we  put  various  weights,  as  m,  upon  the  body 
u4f  then  W  or  F  is  proportional  to  the  weight  of  A  and  m,  or  is 
proportional  to  the  pressure  perpendicular  to  the  surfaces  in 
contact.  It  is  also  found  that  it  is  independent  of  the  magni- 
tude of  the  surfaces  in  contact,  the  friction  being  the  same  when 
the  pressure  is  the  same,  whether  the  surface  of  the  body  be 
increased  or  diminished ;   except  in  extreme  cases,  where   the 
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pressure  is  exceedingly  great  compared  with  the  surfaces  in  con- 
tact. So  that  if  R  be  the  pressure  on  the  plane  which  is  equal 
and  opposite  to  its  normal  reaction,  we  have 

where  /x  is  a  constant,  depending  on  the  nature  of  the  surfaces 
in  contact,  and  called  the  coefficient  of  friction. 

We  may  determine  the  coefficient  of 
friction  by  placing  the  body  on  a  plane 
of  which  we  can  increase  the  inclination 
to  the  horizon  until  the  body  begins  to 
slide  down.  f 

79.  Prop.     To   shew  that  the  coeffi- 
lent   of  friction  between  two  given  sub- 

(ances  is  the  tangent  of  the  inclination  of  the  plane  formed  of 
ne  of  the  substances,  when  the  body  formed  of  the  other  is  about 
'a  slide  down  it. 


The  body  a  in  the  above  figure  is  in  equilibrium  from  the 
normal  reaction  of  the  plane  72,  the  friction  fiR  acting  up  the 
lane,  and  its  weight  acting  vertically.     Resolving  parallel  and 
[)erpendicular  to  the  plane,  we  have 

fjLR- IF siu.  a  =  0 

R—fF COS.  a  =  0 

Eliminating  R,  we  have 

fi COS.  a— sin.  a  =  0 

or,  fjL  =  tan.  a 

80.  Prop.  To  find  the  limits  of  the 
ratio  of  P  to  W  on  an  inclined  plane, 
when  friction  acts  up  or  down  the  plane. 

Let  the  power  P,  as  in  the  figure, 
make  an  angle  €  with  the  plane  whose 
iiclination  to  the  horizon  is  a.     Let  fF 
G  the  weight  of  the  body. 


Friction  being  considered  as  an  inert  force  resisting  the  tend- 
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ency  to  motion,  will  act  up  or  down  the  plane  as  the  body  is 
on  the  point  of  moving  down  or  up  respectively. 

Resolving  parallel  and  perpendicular  to  the  plane,  we  have 
P  cos.  €±fjLR  —  Wsin,ct  =  0  ( 1 ) 

Psin.  €  +  72  -  ^cos.  a  =  0  (2) 

Multiply  (2)  by  fi  and  subtract  and  add,  we  have 

F  (cos.  e  +  /^  sin.  e)  —  W  (sin.  a  +  yu-  cos.  a)  =  0 

W    cos.  e+usin.  € 

or,  -T,=- =^ 

F     sin.  a  +  /xcos.  a 

where  the  upper  sign  is  to  be  taken  when  friction  acts  up,  and 
the  lower  when  friction  acts  down  the  plane. 

No  motion  will  occur  whilst  the  relation  of  P  to  W  lies  be- 
tween the  two  values. 


81.  Prop.     To  find  the  limits  vf  the  ratio  of  P  to  W  in  the 
screw  when  friction  acts  assistirig  the  power  or  the  weight. 

Proceeding  as   in  Article        r 
54,  let  ABC  be  the  inclined     / 
plane  formed  by  the  unwrap-  'p 
ping  of  one  revolution  of  the 
thread ;  the  angle  BAC  =  oc. 

Let  Whe  the  whole  weight 
sustained  by  the  screw ;  w  be 
the  part  of  it  supported  at  a  ; 
Q  the  whole  force  acting  at 
the  circumference  of  the  cy- 
linder, whose  radius  ED  =  r, 
FD  =  a  the  lever  at  which  the  power  P  acts,  and 

r 

and  let  q  be  the  part  of  Q  which  supports  iv  at  a.  The  forces 
which  are  in  equilibrium  at  a  are  the  weight  w,  the  reaction  B, 
the  friction  acting  up  or  down  the  plane  fiB,  and  the  horizontal 
pressure  q. 


'   / 

Q 
9  ^ 

R 

a,^ 

1,      « 

A 

V 

C 
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Resolving  parallel  and  perpendicular  to  the  plane,  we  have 

q COS.  a ± fjL R— w  sin,  et  =  0  (1) 

^sin.  a— 724-t(;cos.  a  =  0  (2) 

Multiply  (2)  by  /i,  and  add  and  subtract,  we  have 

q  (cos.  oi±fi sin.  a)  — tt;(sin. «  +  /a cos.  a)  =  0 

w       W      cos.  a -I- M  sin.  a 

or,  -  ="77=  — =^- 

q       Q       sm.  a -\- fi  cos,  oL 

,    TF      a    COS.  a  4- A*- sin.  a 

and  -n-  =  —'— =^ 

I*        r    sin.  a -f /A  COS.  a 

The  two  values  of  this  expression  give  the  limits  required. 

82.  Prob.  a  uniform  beam  rests  o?i  a  cylinder  of  given 
radius  (a);  to  find  the  weight  {7F)  which  mag  be  hung  from  one 
end,  so  that  the  beam  mag  be  just  about  to  slide  off  when  friction 
acts. 


Let  g  he  the  center  of  gravity  of  the 
beam  BCy  whose  length  is  26/  and  Bg  =  b, 
since  the  beam  is  uniform.  Let  w  be  its 
weight.  Before  the  weight  W  was  hung 
at  By  the  point  g  must  have  been  at  Ay 
the  highest  point  of  the  cyHnder.  Let  A 
be  the  point  of  contact  when  the  beam  is 
on  the  point  of  sliding  off  the  cylinder, 
and  let  a  be  the  angle  which  the  beam 
then  makes  with  the  horizontal  direction. 


Resolving  parallel  and  perpendicular  to  the  beam,  we  have 

fi  R  —  w  sin,  a— IF  sin,  a  =  0  (1) 

i^  —  tr  cos.  a—  ^cos.  a  =  0  (2) 

wlience  fi  =  tan.  a. 

Taking  the  moments  about  A'y  we  have 

jy  X  BA'  cos.  a — a>  X  A'g  cos. «  =  0 
or,  W{Bg-A'g)-w.A'g  =  0 
but  A'g  =  diXcAA'=  radius  x  angle -r^O-r^' 
=  ax 


114 


ELEMENTARY  MECHANICS. 


.•.  W(b'-au)'-iv  .au  =  0 

„,     tv  .  aot      tvatan.~^  f. 
or,  W= 


b  —  aoe.     6  — atan.—^/x 


the  weight  required. 


83.  Prob.  a  ladder  rests  with  its 
foot  on  a  horizontal  plane ^  and  its  upper 
extremity  against  a  vertical  wall;  hav- 
i7ig  given  its  length  (/),  the  place  of  its 
center  of  gravity,  and  the  ratios  of  the 
friction  to  the  pressure  both  on  the  plane 
and  on  the  wall;  find  its  position  when 
in  a  state  bordering  on  motion. 

If  AB  be  the  ladder  in  the  figure, 
whose  length  AB=l,  and  weight  acting 
at  the  center  of  gravity  g^W,  Bg-=hy 
fjL  the  coefficient  of  friction  against  the 
vertical  wall,  fi  against  the  horizontal  plane  AC,  and  angle 
BACKS',  we  find 

/-6(l+yL./) 

fil 


tan.  0: 
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CHAPTER  I. 

OJ^WftEFINITIONS  AND  THE  LAWS  OF  MOTION. 


When  forces  prince  motion,  or  change  of  motion,  in  bodies, 
tlieir  effect  being  different  to  that  in  statical  problems,  we  re- 
quire other  methods  of  measuring  them  in  addition  to  the  sta- 
tical measures. 

\ 

The  motion  of  a  body  may  be  considered  only  with  respect* 

to  its  change  oj  place,  either  absolutely,  or  relatively  to.  some 

tlier  body  which  is  itself  in  motion.     It  may  also  be  considered 

ith  respect  to  the  power  the  body  acquires  of  overcoming  ob- 

tacles,  and  then  the  magnitude  of  the  body  itself  has  to  be^ 

onsidered. 

The  velocity  of  a  body  is  its  rate  of  motion,  and  it  is 
measured,  when  uniform  or  constant,  by  the  space  passed  over 

n  a  unit  of  time,  or  by  the  space  in  any  time  divided  by  tlie 
time.  The  units  of  time  and  space  must  be  known.  Thus  we 
say,  he  travelled  at  the  rate  of  thirty  miles  per  day ;  he  travelled 

t  the  speed  or  velocity  of  eight  miles  per  hour ;  the  bullet  i|ps 
lired  from  the  gun  with  a  velocity  of  100()  feet  per  second. 
When  no  mention  is  made  of  diflercnt  uiiits,  we  shall  take  a 

')0t  for  the  unit  of  space,  and  a  second  for  the  unit  of  time. 

Let  V  be  put  for  velocity,  *  for  space  in  feet,  t  for  time  in 
rconds,  we  have  for  a  uniform  velocity, 

V  =  space  described  ill  one  second 
_  space  described  in  /  seconds 
""  t  seconds 

=  -,     ox  s  =  vt 

V 
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When  the  velocity  is  continually  changing,  it  is  measured  by 
the  space  passed  over  in  an  indefinitely  short  space  of  time 
divided  by  the  time. 

Let  s  be  the  space  described  with  a  variable  velocity  in  t 
seconds,  s  that  in  t'  seconds  indefinitely  near  the  former  time ; 
then,  using  the  symbol  B  to  signify  difference, 

s—s       Bs 


"^  t'-t"  8t 

When  pressures  such  as  we  have  considered  in  Statics  are 
not  balanced,  the  body  on  which  they  act  will  be  put  in  motion. 
Such  pressures  may  act  on  the  body  during  a  definite  time,  or 
act  through  a  definite  space,  and  then  cease  to  act. 

When  pressures  act  only  for  a  very  short  space  of  time,  they 
are  called  impulsive  forces ;  as,  for  instance,  the  mutual  pressure 
of  bodies  which  impinge,  the  force  of  the  string  exerted  upon  an 
arrow  shot  from  a  bow,  &c. 

We  call  a  force  an  accelerating  force  whilst  it  continually 
increases  the  velocity  of  a  body ;  and  a  retardiiig  force  whilst 
it  continually  diminishes  it.  A  uniform  or  constant  accelerating 
force  is  one  that  increases  the  velocity  of  the  body  uniformly, 
or  adds  the  same  amount  of  velocity  to  the  previous  velocity  of 
the  body  in  every  successive  equal  interval  of  time.  A  uniform 
retarding  force  is  one  that  diminishes  the  velocity  of  a  body 
according  to  the  same  law.  Variable  accelerating  or  retarding 
forces  are  those  whose  effects  on  the  velocities  of  bodies  are  con- 
tinually changing. 

By  the  moving  force  acting  on  a  body,  we  mean  the  mass 
moved  multiplied  by  the  accelerating  force,  which  we  shall 
shortly  see,  by  the  third  law  of  motion,  is  proportional  to  the 
pressure  exerted  on  the  body,  by  whatever  means  that  pressure 
arises,  whether  by  the  unbending  of  a  spring,  by  the  attraction 
of  other  bodies  upon  it,  by  the  explosion  of  gunpowder,  &c. 

By  the  momentum  of  a  moving  body,  we  mean  the  mass  of 
the  body  multiplied  by  its  velocity.  The  mass  multiplied  into 
the  square  of  the  velocity  is  called  the  vis  viva  of  a  moving  body. 
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As  forces  are  measured  by  the  effects  they  produce,  the 
dynamical  measure  of  an  accelerating  force  must  be  the  velocity 
which  it  generates  in  the  body  in  a  given  time,  when  uniform  or 
constant.  Let  /  represent  the  force,  and  let  the  given  time  be 
taken  as  the  unit,  we  have  /=the  velocity  generated  in  a  unit  of 
time.  Since  the  force  is  constant,  the  same  velocity  is  added  in 
every  unit  of  time ;  therefore,  if  v  be  the  velocity  acquired  from 
rest  by  the  action  of  the  force  in  t  units  of  time,  we  have  v  =ft, 
I  Voni  the  above  definitions  we  see  that  moving  force  is  measured 
by  the  momentum  generated  in  a  unit  of  time. 

From  the  expression  v  =ft,  we  have 

__  V  _  velocity  generated  in  any  time 
^  ~~t~  time 

Wlien  the  force  is  variabley  and  changing  from  one  instant  to 
another,  we  must  take  the  time  indefinitely  small ;  so  that,  for  a 
variable  force,  we  have 

^_  velocity  generated  in  an  indefinitely  small  time 
-^  ~  time 

^v—v_Bv 

if  t?  =  velocity  of  the  body  at  the  time  t,  and  v  the  velocity  at 
the  time  t'  indefinitely  near  to  t. 

In  the  above,  it  will  be  shortly  seen  that  we  have  anticipated 
the  first  law  of  motion. 

By  the  path  of  a  body  we  mean  the  line,  straight  or  curved, 
which  it  describes  in  passing  from  one  point  to  another  in  space. 

The  pressure  produced  by  the  weight  of  a  body  depends 
ujM)ii  the  attraction  of  gravitation  towards  the  earth,  which  is 
St  ii>ibly  ditFerent  at  diflercnt  parts  of  the  earth,  and  upon  the 
mass  of  the  body;  and  varies  directly  as  the  force  of  gravity 
when  the  mass  is  the  same,  and  directly  as  the  mass  when  the 
force  of  gravity  is  the  same ;  therefore,  by  the  rules  of  algebra, 
when  both  vary,  the  weight  varies  as  their  product.  Let  m  be 
the  mass,  w  the  weight  of  a  body,  &n6  g  the  force  of  gravity:  we 
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have  toQcmgf  and  taking  our  units  of  measure  of  w,  g,  and  m 
accordingly,  we  may  put  w  —  mg,OTm-=-' 

The  relative  velocity  of  two  bodies  is  the  velocity  with  which 
they  approach  each  other,  or  separate  from  each  other. 

A  body  is  said  to  move  freely  when  its  path  depends  on  the 
action  of  the  impressed  forces  only.  Its  motion  is  said  to  be 
constrained  when  its  path  is  limited  to  be  in  a  given  line, 
straight  or  curved,  or  to  be  upon  a  given  surface.  A  stone 
thrown  in  any  direction  from  the  hand  is  an  example  of  the 
former ;  and  a  pendulum  swinging,  or  a  body  rolling  down  a 
hill,  are  examples  of  the  latter. 


ON  THE  THREE  LAWS  OF  MOTION. 

The  first  law  of  motion.  When  a  body  in  motion  is  not  acted 
on  by  any  external  force,  it  will  move  in  a  straight  line,  and  with 
a^niform  velocity. 

We  may  satisfy  ourselves  of  the  truth  of  the  first  part  of 
the  law,  that  the  body  not  acted  on  by  any  external  force  will 
describe  a  straight  line,  from  the  consideration  that  whatever 
reason  could  be  alleged  for  its  deviating  to  one  side,  as  good  a 
reason  could  be  given  for  its  deviating  to  the  opposite ;  and  since 
it  could  not  move  in  two  directions  at  the  same  time,  the  reasons 
could  not  be  valid,  and  therefore  it  would  move  in  a  straight 
line  only. 

The  second  part  of  the  law  we  conclude  to  be  true  by  in- 
duction from  the  results  of  our  experience.  If  a  body  be  thrown 
along  a  rough  surface,  it  deviates  from  a  straight  path,  and  soon 
loses  all  its  velocity ;  if  it  be  thrown  along  a  smoother  level 
surface,  it  moves  in  a  path  nearer  a  straight  line,  and  with  a 
velocity  more  slowly  diminished  ;  if  it  be  thrown  along  a  sheet 
of  ice,  it  moves  very  nearly  in  a  straight  line,  and  retains  its 
motion  for  a  considerable  time.     If  a  heavy  ball  be  suspended 
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by  a  very  fine  thread  in  a  vessel  from  which  the  air  has  been 
withdrawn  by  the  air-pump,  and  it  is  set  oscillating,  it  remains 
in  motion  for  a  very  great  length  of  time,  although  it  still 
experiences  resistance  from  the  remaining  air  in  the  vessel,  and 
the  want  of  perfect  flexibility  in  the  thread.  We  therefore  con- 
clude, that  if  we  could  remove  all  the  resistance  to  a  body  in 
motion,  it  would  retain  its  velocity  unchanged. 

T/ie  second  law  of  motion.  If  several  forces  act  upoji  a  body 
'it  the  same  timCf  each  produces  its  full  effect  in  the  direction  of 
'fs  action,  whether  the  body  be  at  rest  or  in  motion. 

We  see  this  to  be  true  when  a  ball  is  rolled  along  the  deck 
of  a  vessel  moving  uniformly  in  smooth  water :  the  ball  takes 
the  same  course  along  the  deck  as  it  would  if  the  vessel  were  at 
rest ;  and  if  it  struck  any  body  in  its  motion,  the  forces  called 
into  play  in  the  collision  would  produce  the  same  effects  in  the 
two  cases.  If  a  body  be  let  fall  from  the  top  of  the  mast,  it 
falls  to  the  foot  of  the  mast,  whether  the  vessel  be  at  rest  or  in 
motion.  A  more  complete  proof  is  afforded  by  experiments 
with  the  pendulum.  W^hatever  be  the  vertical  plane  in  which  it 
oscillates,  at  the  same  place  on  the  earth's  surface,  whether  north 
md  south,  east  and  west,  or  in  any  other  azimuth,  the  time  of 
oscillation  is  the  same ;  shewing  that  the  effect  of  gravity  on  the 
pendulum  is  unaffected  by  the  rotation  of  the  earth  on  its  axis, 
md  by  itsjpotion  in  its  orbit. 

The  third  law  of  motion.      Wlien  a  pressure  acting  on  a  body 
nuts  it  in  motion,  the  moving  force{  measured  by  the 
momentum  genvrdlcd  in  a  unit  of  i'nui^is  proportional 
to  the  pressurt . 

This  law  is  proved  experimentally  by  Atwood*3 
machine,  which  consists  of  a  pulley.  A,  having  its  axle 
iig  on  two  friction-wheels  at  each  end,  as  reprc- 
d  by  the  dotted  circles.  These  friction-wheels 
iiavok  their  pivots,  or  axlcs>  accurately  and  delicately 
lixcd,  so  that  the  pulley  //  may  be  subject  to  as  little 
till ct  of  friction  as  possible.  A  clock  which  goes  for  *^ 
<i  few  minutes,  with  a  second's  pendulum  and  dead-  ' 
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beat  escapement,  is  connected  with  the  frame-work  supporting 
the  machine. 

Let  P  and  Q  be  the  weights  of  the  bodies  suspended  from 
tfie  ends  of  the  cord  passing  over  the  pulley  A.  If  P=  Q,  they 
^11  balance;  but  if  one  (P)  be  greater  than  the  other  (Q),  it 
will  descend  and  draw  the  other  upwards,  with  a  force =P—Q, 
which  is  the  pressure  setting  in  motion  the  massep  of  P,  Q,  and 

P  Q 

of  the  wheel-work  A,     The  masses  of  P  and  Q  are  —  and  — 

9  9 

respectively.  Let  I  represent  the  inertia  or  mass  of  the  wheel- 
work,  acting  upon  the  cord  connecting  P  and  Q. 

P+  Q 
The  whole  mass  set  in  motion = h  Z,  and  the  pressure 

producing  motion =P—Q.  Now,  it  is  found  that  when  these 
two  quantities  are  kept  in  the  same  proportion  to  each  other, 
the  velocity  acquired  in  a  unit  of  time  is  the  same ;  or  the 
pressure  varies  as  the  mass  moved,  when  the  velocity  is  constant. 

If  part  of  Q  be  taken  successively  away,  and  added  to  P,  so 
that  the  mass  moved  remains  the  same,  it  is  found  that  the 
velocity  acquired  irt  a  unit  of  time  is  proportional  to  P—  Q ;  or 
the  pressure  varies  as  the  velocity  acquired  in  a  unit  of  time, 
when  the  mass  moved  is  constant. 

.  When  both  the  mass  and  velocity  change,  by  the  rules  of 
variation,  we  have  generally, 

pressure  varies  as   mass  moved  multipled  by  the  velocity 
generated  in  a  unit  of  time,  ^ 

t*-  varies  as  mass  multiplied  into  accelerating  force  ;  '^ 

^  varies  as  moving  force. 


ON  THE  PARALLELOGRAM  OF  VELOCITIES. 

L  Prop.     If  two  velocities  he  impressed  upon  a  body  at  the 
same  instant ,  tlie  actual  velocity  of  the  body  will  he  represented  in^ 
direction  and  magnitude  hy  the  diagonal  of  the  parallelogram 
formed  upon  the  lines  i^resenting  the  impressed  velocities. 


DYNAMICS. 


121 


Let  a  body  at  A  have  a  velocity 
impressed  upon  it  which  would  carry 
it  with  a  uniform  motion  from  A  to 
-5  in  a  given  time,  and  another  velo- 
city at  the  same  instant  which  would 
carry  it  similarly  from  -^  to  C  in  the 
same  time.  If  we  complete  the  pa-  ^ 
rallelogram  ABDCy  the  actual  path  of  the  body  will  be  the  dia- 
gonal AD,  described  in  the  same  given  time. 

By  the  second  lato  of  motion  each  velocity  is  impressed  in- 
dependently of  the  other,  and -if  the  body  had  passed  over  the 
spaces  Ac^  Ac^t  Ac^  in  any  times  in  the  direction  of  AC,  it 
would  have  passed  over  the  spaces  c^Ji,  c^h^,  cjb^  parallel  to  AB, 
in  the  same  times  respectively  ;  so  that  the  latter  spaces  bear  to 
the  former  respectively  the  same  ratio  that  AB  bears  to  AC, 
and  therefore  the  points  h^,  60,  ^3  will  be  all  in  the  straight  line 
AD,  which  is  the  diagonal  of  the  parallelogram.  The  body 
will  also  have  arrived  at  D  in  the  same  time  as  it  would  have 
passed  over  either  of  the  spaces  AB  or  AC, 

2.  Prop.  Having  given  a  velocity,  to  find  the  component 
velocities  in  any  directions  at  right  angles  to  each  other ;  and 
having  given  two  component  velocities  at  right  angles  to  each 
>ther,  to  find  the  resultant  velocity  of  a  body. 

Let  Ax,  Ay  be  the  directions,  at  * 
right  angles,  in  which  the  components 
are  required.  Let  AD  represent  the 
velocity  {v)  of  the  body  in  direction 
md  magnitude,  a  the  angle  which 
AD  makes  with  Ax,  If  we  com- 
plete the  right-angled  parallelogram 
ABDCy  the  side  AB  will  represent 
the  velocity  («)  in  //a-,  and  AC  (by 
that  in  Ay. 

Then  AB=:AD  cos,  01 
or,  a=tJ  COS. « 


AC:^AD  sin,  a 

6  =  9  sin.  et 


Again,  if  the  components  a  and  b  iii  Ax,  Ay  are  given  to 
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find  the  magnitude  and  direction  of  the  resultant  velocity  Vy  we 

have 

t72  =  a2  +  62 

and  tan.  «  =  -  as  required. 

We  have  seen  in  Statics  that,  if  two  bodies  are  in  equili- 
brium from  their  mutual  pressures,  their  actions  upon  each 
other  must  be  equal  and  opposite;  so  also  with  two  bodies  in 
which  motion  takes  place,  the  mutual  pressures  or  actions  are 
equal  and  opposite.  By  the  third  law  of  motion,  the  moving 
force  is  proportional  to  the  pressure ;  and  hence  when  two  bdtlies 
move  by  the  effect  of  their  mutual  actions,  the  moving  force  pro- 
duced in  each  of  the  bodies  is  the  same  in 'magnitude,  but  oppo- 
site in  direction.  CZL- 

This  consequence  of  the  third  law  of  motion  is  called  the 
principle,  that  action  and  7'eaction  are  equal  and  opposite,  each 
being  measured  by  the  momentum  generated  in  a  given  time, 
the  effect  being  considered  uniform  during  that  time. 


CHAPTER  II. 

ON   Tilt:  IMPACT  OR  COLLISION  OF  BODIES. 

When  two  bodies  in  motion  impinge,  tliey  exert  a  mutual  but 
varying  pressure,  during  an  interval  of  tima  which  is  generally 
very  short.  The  forces  called  into  play  are  subject  to  the  prin- 
ciple that  action  and  reaction  are  equal  and  opposite  ;  and  since 
this  is  true  at  each  instant  of  the  mutual  pressures,  the  whole 
effects  of  the  impulsive  forces  will  be  subject  to  the  same  principle. 

When  it  is  the  final  and  completed  result  that  we  require, 
we  have  only  to  consider  the  mutual  pressures  in  the  collision  to 
have  produced  their  full  effect  and  to  have  ceased;  we  can,  how- 
ever, find  the  circumstances  of  the  motion  of  the  bodies  during 
the  short  interval  of  mutual  pressure,  by  employing  a  higher 
analysis  than  can  be  admitted  in  this  treatise.  For  example, 
if  the  nmtual  pressures  of 
the  bodies  A  and  B  in  the 
figure  acted  by  a  spiral 
spring  of  known  elasticity, 
the  circumstances  of  the  motion  of  each  body  during  the  com- 
pression of  the  spring  are  easily  determined. 


Qmmm(^ 


It 


When  natural  bodies  impinge,  we  have  a  similar  case  to  the 
uue  just  taken  for  example. 


If  two  surfaces  of  india-rubber  be  pressed  against  each  other, 
e  see  them  flattened  by  the  pressure,  but  recover  their  former 
hape  as  the  pressure  is  removed.     Although  not  so  perceptible, 
Mic  same  takes  place  in  other  elastic  bodies. 

During  the  impact  of  two  clastic  bodirs,  tiir  lorcc  urging 
them  towards  each  other  is  called  the  force  of  compression ;  and 
lie  opposing  force,  causing  them  to  separate  again,  is  called  the 
iorce  of  restitution.  The  ratio  which  the  force  of  reslitutioH 
bears  to  the  force  of  compression  in  any  bodies  of  the  same  ma- 
terial or  substance,  is  nearly  the  same  for  all  degrees  of  comprus- 
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sion,  and  measures  the  elasticity  of  the  substance.  The  value  of 
this  ratio  is  called  the  modulus  of  elasticity,  -j 

The  whole  force  of  compression  is  measured  by  the  momen- 
tum destroyed  during  tlie  approach,  and  the  whole  force  of 
restitution  by  that  generated  during  rebounding;  and  the  mo- 
mentum destroyed  or  generated  in  one  of  the  bodies  equals  that 
destroyed  or  generated  in  the  other,  because  action  and  reaction 
are  equal  and  opposite. 

Let  e  be  the  modulus  of  elasticity  of  two  bodies  whose 
masses  are  A  and  B,  which,  moving  with  their  centers  of  gravity 
in  the  same  straight  line,  meet  directly  with  the  opposite  velo- 
cities a  and  6,  and  rebound  with  the  opposite  velocities  a  and  h' 
respectively  :  let  v  be  the  velocity  supposed  in  the  direction  of  a, 
common  to  both  bodies  at  the  instant  when  compression  ends 
and  rebounding  commences ;  we  have 

,   ,         .   ,      .  .  whole  force  of  restitution 

modulus  of  elasticity  =—; — j — 7 -^ • — 

•^      whole  lorce  or  compression 

_      momentum  generated  in  either  ^^  or  .^  in  rebounding 
""momentum  destroyed  in  either  A  ox  B  during  compression 
which  gives  us 

A{d-\'v) 

€=—:-? (  or,  €a  —  €v=^a  -\-v 

A(a—v) 

,        B{h'-v)  ,  ,, 

and  €=-7777— — ^  or,  eb-\-ev=-b  —v 

B{o  +  v) 

adding,  we  eliminate  v,  and  have 

_a+b' 

^~  a  +  h 

__  velocity  of  separation 

velocity  of  approach 

so  that  when  experiments  are  tried  in  which  the  velocities  of 
rebounding  can  be  determined  for  any  given  velocities  of  impact, 
the  above  ratio  gives  the  modulus  of  elasticity. 

Bodies  suspended  by  fine  cords,  and  allowed  to  oscillate  in 
circular  arcs  of  given  radius  about  a  fixed  point  as  center, 
acquire,  as  will  be  shewn  in  the  chapter  on  constrained  motion, 
velocities  at  tlie  lowest  point  which  are  proportional  to  the  chords 
of  the  arcs  fallen  through,  and  similarly  they  ascend  through  arcs 
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of  which  the  chords  are  proportional  to  the  velocities  impressed 
upon  them  at  the  lowest  point  of  the  arcs.  They  are  also  shewn 
to  fall  down  all  S7iiall  arcs  of  the  same  circle  in  the  same  time. 
If  two  bodies  be  suspended  in  this  manner,  so  as  to  impinge 
at  the  lowest  points  of  the  arcs  they  describe,  and  be  let  fall 
simultaneously  from  given  points,  we  know  the  velocities  with 
which  they  impinge,  and  by  observing  the  arcs  through  which 
they  ascend  after  rebounding,  we  know  the  velocities  of  re- 
bounding, and  so  have  sufficient  data  to  determine  the  modulus 
of  elasticity. 

All  kno\vn  solid  bodies  are  imperfectly  elastic  —  that  is,  in 
all,  the  force  of  restitution  is  less  than  the  force  of  compression  ; 
but  we  have  none  without  some  force  of  restitution,  or  which 
are  perfectly  non-elastic.  Experiments  to  prove  the  mathema- 
tical results  for  the  impact  of  non-elastic  bodies  require  to  be 
tried  with  balls  of  soft  clay  recently  worked  up,  so  that  they 
adhere  together  after  impact,  or  balls  of  wood  with  metallic 
pikes  fixed  in  one  of  them,  which  entering  the  other  ball  pre- 
vent them  separating  again  after  impact. 

We  are  indebted  to  the  excellent  experiments  of  Mr.  Eaton 
Hodgkinson  for  our  more  accurate  knowledge  of  the  properties 
of  impinging  'bodies.  The  following  table  of  moduli,  and  the 
rule  for  bodies  of  different  hardnesses,  are  from  his  results': 


Perfect  elasticity 

Glass 

Hard-baked  clay 

Ivory     

Limestone 

Steel  (liardeno(l) 

Cast-iron       ... 
Steel  (soft) 
Bell-mctal 

Cork 

Elm-wood,  arrossAhe  fibres 

Brass 

Lead    . 

Clay,  ju(«t  malieublr  by  the  bund 


Modulus  of 
Elasticity. 


1 


•94 
•89 
•81 
•79 
•79 
•73 
•67 
•67 
•65 
•60 
•41 
•20 
•17 


IQ6  elementary  mechanics. 

In  the  impacts  between  bodies  whose  hardness  differs  in  any 
degree,  the  resulting  eksticity  is  made  up  of  the  elasticities  of 
both,  according  to  the  following  formula : 

modulus  of  elasticity  from  both  =    ,  ,  7 , 

where  //  and  h'  are  the  relative  hardnesses,  and  e  and  e    the 
moduli  of  elasticity  respectively,  of  the  bodies. 

From  this  rule,  it  results,  that  if  one  of  the  bodies  is  much 
harder  than  the  other,  the  effective  elasticity  is  that  of  the  softer 
body  nearly. 

3.  Prop.  To  find  the  common  velocity  of  two  non-elastic 
spherical  bodies  after  direct  impact. 

Let  A  and  B  be  the  masses      X    \  /'b\ 

of  the  bodies  as  in  the  figure,     \j  ^      \lJ  ^ 

moving  in  the  line  joining  their 

centers  as  indicated  by  the  arrows,  so  that  they  impinge  directly, 
and  not  obliquely ,  when  A  overtakes  B, 

Let  a  be  the  velocity  of  A,  b  of  B,  and  a  greater  than  b. 
Let  V  be  the  velocity  after  impact,  which  is  to  be  found.  The 
velocity  lost  by  ^  is  (a—v),  and  that  gained  by  B  is  {v  —  b). 

Since  action  and  reaction  are  equal  and  opposite,  we  have 
the  momentum  lost  by  A  equal  to  the  momentum  gained  by 
B,  or 

A{a-v)=B{v-b) 

Aa  +  Bb 


whence  v  = 


A-\-B 


When  the  bodies  are  moving  in  opposite  directions,  we  must 
take  the  velocities  with  contrary  signs.  Let  jB's  velocity  be  —  &, 
we  have 

Aa-Bb 

It  Aa=Bb,  then  v=0,  or  the  bodies  remain  at  rest  after 
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impact.     If  Bh  is  greater  than  Aa,  then  v  is  negative,  or  in  the 
direction  of  B's  motion. 


4.  Prop.  The  velocities  of  two  imperfectly  elastic  spherical 
bodies  of  the  same  substance  which  impinge  directly  being  given, 
it  is  required  to  find  their  velocities  after  impact. 

Referring  to  the  figure  of  the  last  Prop.,  let  A  and  B  be  the 
masses  of  the  impinging  bo'dics  A  and  B ;  let  a,  b  be  their  velo- 
cities respectively  before  impact ;  a ,  b'  those  after  impact,  which 
are  to  be  found. 

Then,  if  e  be  the  modulus  of  elasticity  of  the  bodies,  we 
have 

_ velocity  of  separation 
"~  velocity  of  approach 

b  —a 


""  a—b 
and  momentum  lost  by  A=A{a—a') 
momentum  gained  by  B=B[b'  —b) 


(1) 


Since  action  and  reaction  are  equal  and  opposite,  we  have 
A{a-a')^B{J)'-b)  (2) 

Substituting  in  (2)  the  values  of  b'  and  a  successively  from 
(1),  we  have 

,_Aa  +  Bb     Beja-b) 
''"■  A-\-B  A^B 

^,_Aa^-Bb  .  Aeja—h) 
^"  A^B  ^    A-{^B 

If  B  be  moving  in  the  opposite  direction  to  A,  and  we  con- 
sequently take  its  velocity  negative  and  equal  to  —6,  the  ex- 
pressions become 

'  -  ^^a-^b    Beja-^b) 
"*"■  A-^B         A  +  B 

jf^Aa-Bb     Ae(a-^b) 
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If  ^  were  at  rest,  or  6=0,  the  expressions  become 
,     a{A-Be) 
''=    A  +  B 
,_Aa{\+e) 
^'^    A  +  B 
We  see  that  b'  can  never  in  this  case  =  0,  but  a  will  =  0  if 

A 

If  in  the  preceding  expressions  we  put  €=1,  the  results  will 
be  those  for  perfectly  elastic  bodies. 

If  we  take  A=By  and  6  =  1,  when  the  bodies  meet,  moving 
in  opposite  directions  with  any  velocities  a  and  b  respectively, 
we  have  the  expressions  becoming 

a=l(a-b)-l{a  +  b)  =  -'b 

h'  =  l[a  —  b)  +  l(a  +  b)=a 
or,  in  direct  impact  the  balls  exchange  velocities. 

If  we  have  a  series  of  n  perfectly  elastic  and  equal  balls  ar- 
ranged in  one  straight  line,  and  the  ball  at  one  extremity  be  pro- 
jected against  the  /-\  v  /^  ^  C^  r>i  {^ 
next,  each  ball  will  VIT^  O 
remain  at  rest  after  striking  the  succeeding  one  until  we  come  to 
the  last,  which  will  fly  off,  having  the  velocity  with  which  the 
first  was  projected.  It  is  immaterial  at  what  distances  the  balls 
be  placed ;  and  if  in  contact,  the  impinging  of  the  first  ball  ap- 
pears to  produce  no  visible  effect  but  causing  the  last  one  to  fly 
off  with  its  velocity  of  impact,  the  others  remaining  stationary. 
The  same  holds  good  for  imperfectly  elastic  balls,  if  each  bears 
to  the  one  it  strikes  the  ratio  6  :  1,  as  we  see  above  in  the  case  of 

A 

-^=6,  when  a'  =  0  whatever  a  may  be,  when  6  =  0;  also  6'  =  ae, 

or  the  velocity  of  each  ball  is  less  than  that  of  the  preceding  one. 

5.  Prop.  If  any  two  spherical  bodies  of  the  same  substance 
impinge  directly  ^  the  motion  of  their  center  of  gravity  after  impact 
is  the  same  as  before  impact. 

Since  the  bodies  impinge  directly,  their  common  center  of 
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gravity,  bot^i  before  and  alter  impact,  will  be  always  in  the  line 
joining  theiiy  separate  centei*s  of  gravity ;  or  its  motion  will  be 
always  in  this  line. 

Let  u  be  the  velocity  of  the  common  center  of  gravity  of  the 
bodies  A  and  B,  moving  in  the  same  direction  with  velocities  a 
and  6  respectively,  before  impact. 

Let  Xif  X2,  <v  be  the  distances  of  the  centers  of  A  and  By 
and  of  their  center  of  gravity  from  any  fixed  point  in  their  line 
of  motion,  at  any  instant ;  ar/,  x.^,  x  the  same  quantities  after 
an  interval  of  time  ty  so  that 

JCj  =  a?|  +  a  ^ 

x^  ^^  j?2  ~r  0 1 

By  the  properties  of  the  center  of  gravity  (Articles  34  and 
16  in  Statics),  we  have 

iA+B).v  =  Ax,+Bx,  (1) 

{A-\-B)£  =  Axi'  +  Bx2 
or  substituting  for  .r ,  x/,  X2,  the  values  above,  the  latter  equa- 
tion becomes 

(A  -f  B)  {.V  +  ut)  =A{xi  +  at)  -\-B{xo  +  bt) 
Subtracting  (1)  from  this,  we  have 

Aa  +  Bb 

"=  A-fir 

\y  hich  is  the  same  as  the  velocity  of  the  center  of  gravity  of  non- 
iastic  bodies  after  impact. 

Let  u  be  the  velocity  of  the  center  of  gravity  of  the  bodies 
fter  impact,  when  imperfectly  elastic;  we  have  similarly, 

,     Aa'-\-Bb' 

""^-ATTT 

Substituting  the  values  of  a  and  b'  from  Article  4,  we  have 

,_     A     /Aa-\-Bb     B€{a-b)\        B    (Aa  +  Bb    A€(a^h)\ 
"  ~AVB\A-^B        A-¥B  f^A-^-BK  A  +  B  "^    A-^B  ) 

Aa-^Bb 
~    A-\-B 

=  u 
or  the  velocity  of  the  center  of  gravity  is  unchanged  by  impact. 
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When  a  body  impinges  against  a  fixed  plane  surface,  we  can 
determine  its  motion  after  impact,  if  the  direction  of  the  motion 
and  velocity  before  impact  be  given,  together  with  the  modulus 
of  elasticity  between  it  and  the  plane. 

The  angle  which  the  direction  of  the  motion  before  impact 
makes  with  the  perpendicular  to  the  surface  at  the  point  of 
impact  is  called  the  angle  of  incidence^^  and  the  angle  which  the 
direction  of  the  motion  after  impact  makes  with  the  same  line  is 
called  the  angle  of  rebounding  or  of  reflexion. 

6.  Prop.  If  a  smooth  non-elastic  body  impinge  on  a  smooth^ 
non-elastic,  hard,  and  fixed  plane,  it  will,  after  impact,  slide 
along  the  pla7ie. 


Let  the  body  ^  impinge  upon  the 
plane  BC  at  B,  making  an  angle  a  witl 
BN,  the  perpendicular  to  the  plane  at 
B;  let  the  velocity  of  A  be  v. 


The  component  of  v  parallel  to  the 
plane =?? sin. a;  this  will  not  be  changed  ** 

by  the  impact,  since  the  ball  and  the  plane  are  smooth.  The 
velocity  perpendicular  to  the  plane  after  impact  will  be  nothing, 
since  there  is  no  elasticity ;  therefore  the  body  after  impact  will 
slide  along  the  plane  with  the  velocity  i^sin.a. 


7.  Prop.  To  determine  the  velocity  and  direction  of  motion 
after  impact,  when  an  imperfectly  elastic  spherical  body  impinges 
obliquely  on  a  smooth,  hard,  and  fixed  plane. 


Let  the  body  A  in  the  figure  im- 
pinge on  the  plane  BC  at  B,  making 
the  angle  of  incidence  ABN=ol',  let 
a  =  the  angle  of  reflexion  NBD, 

Let  the  line  PB  represent  v  the 
velocity  of  the  body  before  impact; 
draw  PN  parallel  to  BC,  then  PN  represents  the  velocity  of 
the  body  parallel  to  the  plane  =  v  sin.  a,  and  BN  represents  the 
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velocity  perpendicular  to  the  plane  =  v  cos.  a.  If  e  be  the  mo- 
dulus of  elasticity  between  the  body  and  the  plane,  the  velocity 
perpendicular  to  the  plane  after  impact -will  be  6©  cos.  a  =  MB, 

it  we  take  vr  ri  =  ^ • 
NB 

From  M  measure  MQ  =  XP  the  parallel  velocity,  which  is 
unchanged  in  impact,  since  the  plane  and  body  are  smooth; 
/^QD  is  the  direction  of  the  motion  after  impact,  and  the  line 
/^Q  represents  the  velocity.     Now 

BQ'  =  MQ^  +  BM^ 

Or  if  u  be  the  velocity  after  impact,  we  have 
u  =  v  ^sin.^a  +  e^cos.^a 


Also, 


MQ        PN 


tan.  a  =  -r-rr,  = 


MB      e.NB 
tan.  a 


which  give  the  direction  of  the  motion  and  the  velocity  after 
impact. 

If  the  elasticity  be  perfect,  or  e  =  1,  we  have 
a'=  a,  and  ?/  =  r 


8.  Prop.  To  find  the  path  of  a  body  which,  having  passed 
through  one  given  point,  after  rebounding  from  a  given  plane ^ 
jiasses  through  another  given  poitit. 

Let  MBE  be  the  given  plane; 

/  the  point  through  which  the  body 

is  projected  ;   D  the   point  through 

which  it  passes  after  reboundliiLr  from 

the  plane. 

Draw  a  perpendicular  AMC  to 
the  plane  through  A,  and  if  €  be  the  modulus  of  elasticity  be- 
tween the  body  and  the  plane,  take   /w  =  «.    Draw  through  the 


\ 

A 

N 

D 

^f 

\ 

^y^ 

c 

L^ 

B                        K 
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points  C  and  D  the  line  CBD,  cutting  the  plane  in  B.  Join 
AB;  then  AB,  BD  is  the  path  required,  or  the  body  projected 
from  A  in  the  direction  AB  will  rebound  in  the  direction  BD, 

For  the  angle  of  reflexion  D^iV"=  angle  BCM,  and  angle  of 
incidence  ABN=  angle  BAM, 

.-.  tan.  DBN=i'dn.BCM 
_BM 
"MC 
_  BM 
"e.MA 

tan.  ABN 


or  the  angles  ANB  and  DBN  have  the  required  relation  as 
found  in  the  last  proposition. 


EXAMPLES  IN  IMPACTS. 

Ex.  1 .  Two  bodies  A  and  B,  whose  elasticity  is  tw,  moving 
in  opposite  directions  with  velocities  a  and  6,  impinge  directly 
upon  each  other ;  shew  that  their  distance  at  a  time  t  after 
impact  is  tm[a-\-h), 

Ex.  2,  If  two  perfectly  elastic  balls,  whose  masses  are  in 
the  ratio  1  :  3,  meet  directly,  with  equal  velocities ;  shew  that 
the  larger  one  remains  at  rest  after  impact. 

Ex.  3.     When  two  perfectly  elastic  bodies  impinge  directly, 
shew  that  the  sum  of  the  vires  vivce  after  impact  equals  their 
sum  before  impact :  or,  prove  the  expression 
Aa'  +  BW^Aa'  +  Bb'^' 

Ex.  4.  Wlien  two  perfectly  "kielastic  bodies,  A  and  B,  mov- 
ing in  the  same  direction,  impinge,  shew  that 

A-\-B :  A:\  relative  velocity  before  impact :  velocity  gained  by  B. 
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Ex.  5.  An  imperfectly  elastic  ball  is  projected  from  a  point 
in  the  circumference  of  a  circle,  and  after  twice  rebounding  from 
the  circle  returns  to  the  same  point  again ;  shew  that  the  direc- 
tion of  projection  makes  an  angle  a  with  the  radius  drawn  to  the 
point  of  projection  which  is  given  by  the  equation 


tan.  a  =     .  == 


":^.> 
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CHAPTER  III. 


ON  UNIFORM  ACCELERATING  FORCES  AND  GRAVITY. 

According  to  the  definition  of  a  uniform  accelerating  force  in 
Chapter  I.,  the  velocity  generated  by  it  in  the  same  time  is 
always  the  same,  and  by  the  second  law  of  motion,  is  unaffected 
by  the  previous  motion  of  the  body.  If  we  put /=  the  force, 
measured  by  the  velocity  it  generates  in  a  unit  of  time,  we  shall 
have  the  velocity  generated  in  t  units  =/i{.  Writing  v  for  this 
velocity  acquired  by  the  body  at  the  end  of  the  time  t  from  rest, 
we  have  therefore 

9.  Prop.  To  find  the  relations  of  the  space,  time,  and  force 
when  a  body  moves  from  rest  under  the  action  of  a  uniform 
accelerating  force. 

The  velocity  of  the  body  is  continually  increased  from  0  up 
to  fty  if  t  be  the  time  and  /  the  force.     Let  s  be  the  whole  space 
described  in  the  time  t,  and  let  t  be  divided  into  n  equal  in- 
tervals, each  =-.     The  velocities  at  the  end  of  the  times 
n 

i     ^     11     ^      o  {n-'\)t 

,  ,  ,  ,      iXC,    ...  f     ^i 

n      n       n       n  n 

will  be  respectively, 

fl     fM     fll     f^      &c  f&^li'     f"^ 

K'   -^  n'   -^  n'   -^  n'     ^'''  -  '-f       n      '    K 

Now,  if  the  body  moved  uniformly  during  each  interval  of  time 
with  the  velocity  it  had  at  the  beginning  of  the  interval,  from 
the  expression  space  =  velocity  x  time,  we  should  have  the  whole 
space  s  equal  to  the  sum  of  this  series : 
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=/|  {H-2  +  3  +  &C.  .  .  .   4-(/i-l)} 

2      2n 

If  the  body  had  moved  uniformly  during  each  interval  of 
time  with  the  velocity  it  had  at  the  end  of  the  interval,  we 
should  have  s  equal  the  sum  of  this  series  : 

''  n-    ''  n-     ''  71"  ''       rir         ''  n^ 

=/^(l+2  +  3  +  &c.  .  .  .    +w) 


_  I    {nVV)n 


Since  the  velocity  is  continually  accelerated,  the  true  value 

'  f  s  will  be  between  these  two  quantities,  however  small  each 

iiterval  may  be,  or  however  great  n  may  be  ;  but  when  n  is  in- 

lefinitely  great,  the  last  terms  in  each  of  the  above  expressions 

vanish,  and  we  have  therefore 

10.  Between  the  two  equations  r=//,  and  s=yt',  we  may 
'  liminatc  cither/ or  ly  and  thus  obtain 

The  expression  8  =  lvt  shews  us  that  the  space  described 
iVom  rest  by  the  action  of  a  uniform  accclerafing  force  is  one 
lialf  of  the  space  which  would  have  been  described  in  the  same 
time  if  the  velocity  had  been  constant  and  equal  to  itjt  value  at 
the  end  of  the  time. 

If  we  put  /  =  1  in  the  equation  #=  J/^,  we  have/=2i;  or, 
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/,  which  is  the  velocity  generated  by  the  force  in  a  unit  of  time, 
is  measured  by  twice  the  space  through  which  the  body  falls  in 
a  unit  of  time.  It  is  found  that  a  heavy  body  in  our  latitudes 
falls  through  a  space  of  nearly  IG'l  feet  in  the  first  second  of 
time ;  therefore,  if  we  put  g  =  the  accelerating  force  of  gravity, 
we  have  (7  =  velocity  of  32*2  feet  per  second  of  time,  or,  with 
the  understanding  that  one  second  is  our  unit  of  time,  we  write 
^f =32-2  feet. 

This  value  of  the  force  of  gravity  is  only  an  approximate 
value  for  small  heights  above  the  earth's  surface. 

Sir  Isaac  Newton's  law  of  universal  gravitation  is,  that  every 
particle  of  matter  attracts  every  other  particle  with  a  force 
which  varies  directly  as  the  mass  of  the  attracting  particle,  and 
inversely  as  the  square  of  the  distance.  It  is  also  shewn  that  a 
spherical  body  equally  dense  at  equal  distances  from  its  center 
attracts  a  particle  outside  its  surface  as  if  the  matter  of  the 
sphere  were  collected  at  its  center ;  so  that,  considering  the 
earth  such  a  sphere,  if^  be  the  force  of  gravitation  at  the  sur- 
face,/the  force  at  any  point  exterior  to  the  su;:face-at  a  distance 
r  from  the  center,  and  R  be  earth's  radius,  \v6  have 

=  ^        if/.=^i2^ 

fi  in  this  expression  is  called  the  absolute  accelerating  force,  for 
it  is  the  value  of/ when  r=\.  When  R  is  taken  for  unity,  r 
must  be  expressed  in  terms  of  the  earth's  radius,  and  /jL=g  = 
32-2  feet. 

"WHien  r  is  very  near  R,  or  for  small.heights  above  the  earth's 
surface,  we  have/=^  very  nearly,  or  we  may  take  gravity  as  a 
constant  accelerating  force  in  that  case.  It  is  found  that,  on 
account  of  the  diurnal  rotation  of  the  earth  on  its  axis,  its  figure 
differs  sensibly  from  spherical,  being  flattened  at  the  poles  and 
bulging  at  the  equator,  or  is  an  oblate  spheroid.     The  centri- 
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fugal  force  (see  Article  31),  being  produced  by  the  diurnal  rota- 
tion, is  greatest  at  the  equator,  and  is  there  directly  opposed  to 
the  force  of  gravity.  It  is  also  nothing  at  the  poles.  The 
resultant  gravitation  of  a  heavy  body  is  affected  by  the  direct 
action  of  the  centrifugal  force  and  its  indirect  action  through  the 
change  of  the  figure  of  the  earth.  The  ratio  for  the  equator  and 
poles  is  as  follows  : 

gravitation  at  the  equator  :  gravitation  at  the  pole  : :  186 :  187. 

We  can,  for  these  reasons,  only  consider  gravity  as  constant  for 
the  same  latitude  on  the  earth's  surface,  and  for  small  altitudes 
above  it.  The  direction  of  gravity  at  each  point  on  the  earth's 
surface  being  perpendicular  to  the  surface  taken  as  that  of  still 
water,  does  not  pass  accurately  through  the  center  of  the  oblate 
spheroid. 

11.  Prop.     A  body  being  projected  loith  a  given  velocity  u 
in  the  direction  in  ichich  a  uniform  accelerating  force  f  acts ;  to 

find  its  velocity y  and  the  space  passed  over  in  a  given  time. 

If  V  be  the  velocity,  s  the  space  described  at  the  end  of  the 
time  t,  we  shall  have,  by  the  second  law  of  motion, 

t?  =  velocity  of  projection  +  velocity  from  the  action  of  the  force 
=  u±ft 

where  the  upper  sign  is  to  be  taken  when  the  force  accelerates 
the  velocity,  and  the  lower  when  it  retards  it. 

In  the  same  way, 

space  described = space  due  to  velocity  of  projection  +  the  space 

due  to  the  action  of  the  force 

or,  8=ut±lf£^ 

the  upper  and  lower  signs  to  be  taken  as  before. 

12.  Prop.     A  body  being  projected  with  a  given  velocity  u  in 
the  direction  in  which  a  uniformly  accelerating  force  f  acts ;  to 

find  its  velocity  when  it  has  passed  through  a  given  space, 

I^t  V  be  the  velocity  when  the  body  lias  passed  through  the 
space  s. 
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Let  h  equal  the  space  through  which  the  body  must  pass  to 
acquire  the  velocity  u  by  the  action  of  the  force.     Then 

and  for  the  space  h-¥s  we  have 

v^=2f{h±s) 

=2fh±2fs 

=u^±2fs 
The  signs  to  be  taken  as  in  the  last  proposition. 

13.  Prop.  To  find  the  time  of  flight  or  of  ascent  and  descent 
of  a  body  projected  in  an  opposite  direction  to  the  action  of  the 
force. 

Let  the  body  be  projected  from  A  with  a  velocity 

u.     After  ascending  to  some  point  B,  it  will  return 

to  A  again.     From  the  expression  v=u—fty  we  have 

for  ^=0,  or  at  time  of  projection  v  =  u;  at  By  the 

u 
highest  point,  v  =  0,  or  ^  =  -  =  time  of  ascent;  when 

^=-7^,  we  have  v  =  u—f(~~j  =  —u,'  or  the  velocity    ^ 

acquired  in  descending  during  any  time  is  equal  to 
the  velocity  lost  in  the  same  time  in  ascending.- 


Also,  from  v^  =  u^  —  2fsj  we  have  s  =  — tw^;'  or  s 

is  the  same  when  v  is  the  same  ;  if  AC=s,  we  have  the  velocity 
at  C  the  same  when  the  body  is  ascending  as  when  it  comes  to 
the  same  point  again  in  descending,  and  the  time  in  passing 
from  C  to  ^  in  the  ascent  is  the  same  as  in  falling  from  B  to  C 
in  the  descent. 


Consequently  the  whole  time   of  flight  from  leaving  A  to 

.    .         2u 
commg  to  it  again  is  e=—-r. 

If  2;2>  u^,  s  is  negative,  and  must  be  measured  below  A. 
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EXAMPLES  ON  THE  DIRECT  ACTION  OF  GRAVITY  AS  A 
CONSTANT  ACCELERATING  FORCE. 

Ex.  1.  Find  the  velocity  a  stone  will  acquire  in  falling 
during  four  seconds  by  the  action  of  gravity  near  the  earth's 
surface. 

In  the  expression  v=gt,  we  have  here  ^=4,  g=32'2, 

^ 1— ^    .•.t'=4x  32-2=  128-8 

or  the  stone  has  acquired  a  velocity  of  128*8  feet  per  second. 

Ex.  2.  Find  the  space  the  stone  in  the  last  question  had 
fallen  through  in  three  seconds. 

Using  the  expression  s  =  lp  t^,  we  have 

space  required  =  |  x  32*2  x  3* 
=  144-9  feet 

Ex.  3.  Find  the  velocity  the  same  stone  had  acquired  when 
it  had  fallen  through  a  space  of  150  feet. 

The  expression  v^  =  2gs  gives  us 
«-  r2=2x  32-2x150 

=96(^0 
..r  r=98-3  feet  per  second  nearly,  which  is  rather  more  than  the 
velocity  which  would  be  acquired  in  three  seconds. 

Ex.  4.  A  heavy  body  is  projected  directly  downwards  with 
a  velocity  of  100  feet  per  second  ;  what  is  its  velocity  at  the  end 
of  five  seconds  ? 

The  formula  v=^n-^gt  gives 

r  =  2(>l  feet  per  second. 

Ex.  5.     A  heavy  body  is  projected  directly  upwards  with  a 
vdority  of  100  feet  inr  second;  find  its  velocity  at  the  end  of 
econds. 


We  have  now  the  expression  r=><— ^/, 
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andhere«?  =  100-32'2x5 

=  -61 

The  negative  sign  shews  that  the  body  is  coming  down  again, 
and  the  velocity  is  61  feet  per  second. 

Ex.  6.     Find  how  long  the  body  in  the  last  question  con- 
tinued to  ascend. 

At  the  highest  point  the  veldfcity=0, 

.-.  0  =  100-32-2  xt>% 

.     100     ^, 
^^>  ^  —  oq:^—^'^  seconds.   -• 

Ex.  7.     To  find  the  height  to  which  the  body  in  Ex.  5 
ascended. 

The  formula  for  this  case  is  v^=u^—2gs,  and  at  the  highest 


point  i?=0   .•.«=—, 
"^9 


or,  space  a.ce„ded=    '^ 


2  X  32-2 
=  155-2  feet. 


Ex.  8.  A  body  is  projected  vertically  upwards,  and  returns 
to  the  same  point  in  ten  seconds;  shew  that  the  velocity  of 
projection  was  161  feet  per  second. 

Ex.  9.  Shew  thkt  when  a  body  falls  from  rest  by  the 
action  of  a  uniform  accelerating  fprce,  the  spaces  described  in 
successive  equal  intervals  of  tii-xC  are  as  the  series  of  odd  num- 
bers, 1,  3,  5,  7,  9,  &c. 

Ex.  10.  A  stone  being  let  fall  into  a  well,  it  is  heard 
to  strike  the  water  in  T  seconds;  required  the  depth  of  the 
well. 

Let  s  be  the  depth  of  the  well,  m  the  velocity  of  sound  =^  1 100 
feet  per  second,  nearly. 


DYNAMICS.  14.1 

Then  T=  time  of  the  stone  falling  +  the  time  of  sound  returning. 


A^ 


9      w^ 


or,  5+  vs' — -^—=.mT 


a  quadratic  equation  in  ^s\  whence 


\^s=±a/  Tm-^- 


vr         m 


^9      s^2g 
which  gives  s,  and  the  upper  sign  only  is  admissible, 

Ex.  11.     A  body  is  thro\vTi  vertically  upwards  with  a  velo- 
city u  ;  find  the  time  of  its  being  at  a  given  height  /^. 

Let  t  be  the  time  required, 

whence  t^'^t 1 — =0 

9       9 


or,  ^  =  -= ^— 

9 


The  lower  sign  gives  the  time  as  the  body  ascends,  and  the  up- 
per sign  the  time  as  it  comes  down  again,  when  at  the  height  //. 
At  the  highest  point  there  will  be  only  one  value  of  t,  and 


.*.  \^u^—2gh=0,  or  A=:  — ,  as  we  should  find  by  other  modes. 

Ex.  12.     A  body  of  given  elasticity  is  projected  upwards 
k     with  a  given  velocity  u  to  strike  a  horizontal  plane,  and  in  i 
■      seconds  returns  to  the  point  of  projection  ;  required  the  distance 
of  the  plane  from  that  point. 


Let  the  body  be  projected  from  A 
with  the  given  velocity  u,  and  strike 
the  horizontal  plane  at  B  with  the  ve- 
locity V, 

Let  the  velocity  of  rebounding  at  /i 
be  v'y  and  the  modulus  of  elasticity  be  e. 
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Let  AB  =  5,  tlie  distance  which  is  to  be  found. 
Let  ti  be  the  time  of  ascending  to  B, 
-     /^       .      -      -      descending  from  B  to  A. 

Tlien /iH-A>=^  (1) 

and  v  =  u—gty  v'=  ev 

=  e{u-gt,)         (^) 

=^v't2  +  \gi'z 
Substituting  for  v  and  ^2  their  values  from  (2)  and  (1),  we  have 
a  quadratic  equation  in  t^  which  gives 


'^=  2g 

Substituting  this  value  of  ti  in  the  expression 

we  have  s  as  required,  the  lower  sign  only  being  admissible. 

Ex.  13.  Shew  that  a  body  falling  by  the  action  of  gravity 
acquires  a  velocity  of  1000  feet  per  second  in  31  seconds  nearly. 

Ex.  14.  Shew  that  if  a  stone  be  thrown  directly  upwards 
with  a  velocity  of  40  feet  per  second,  it  is  returning  down  again 
after  an  interval  of  IJ  seconds. 

Ex.  15.  Shew  that  the  stone  of  the  last  example  would 
ascend  to  a  height  of  24"8  feet. 

Ex.  16.  An  imperfectly  elastic  ball  falls  upon  a  hard  floor 
from  a  height  h,  shew  that  it  will  rebound  to  a  height  e^h. 

Ex.  17.  A  stone  falling  from  a  steeple  passes  through  the 
last  4  of  the  height  in  ^th  of  a  second ;  shew  that  the  height  of 

the  steeple  is  -4(7  +  4>v/3). 


CHAPTER  IV. 


ON  PROJECTILES. 


In  the  last  chapter  the  motion  of  a  body  projected  vertically 
upwards  or  downwards,  under  the  action  of  gravity,  was  con- 
sidered ;  the  whole  motion  taking  place  in  the  vertical  line 
through  the  point  of  projection.  When  the  direction  is  any 
other  than  vertical,  the  path  of  the  body  is  an  arc  of  the  curve 
called  the  parabola.  By  the  second  law  of  motion,  gravity  pro- 
duces its  full  effect  independent  of  the  motion  of  projection : 
and  we  may  consider  the  latter  as  compounded  of  a  horizontal 
and  vertical  motion.  The  latter  of  these  only  can  be  affected  by 
the  action  of  gravity  on  the  body. 

14.  Prop.     To  determine  the  path  of  a  body  projected  in  a 
given  direction^  with  a  given  velocity,  under  the  action  of  gravity. 


Let  V  be  the  velocity  of 
projection  from  the  point  A, 
in  the  direction  A  Ty  y  and 
let  t  be  the  time  in  which  the 
body  would  have  described  the 
space  AT  with  the  uniform 
velocity  v,  if  gravity  had  not 
acted. 

If  TP  be  the  space  due 
to  the  action  of  gravity  in  the 
time  /,  P  will  be  the  actual 
place  of  the  body. 


Mow,  AT^vi 
eliminating  /, 


PT^ 

AT^^  —  PT 
9 


(1) 
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If  we  draw  AVx  a  vertical  line,  afnd  taking  AV=  PT,  com- 
plete the  parallelogram  ATPVy  we  have  AF=x,  PF=i/\  the 
oblique  co-ordinates  of  the  point  P, 

Let  also  h  be  the  height  from  which  the  body  must  fall  to 
acquire  the  velocity  v,  or  h  =  ^— ,  we  have  from  (1) 

y^  —  4fhx' 
which,  as  seen  in  treatises  on  conic  sections,  is  the  equation  to 
a  parabola  whose  axis  is  parallel  to  Ax,  and  therefore  vertical, 
Ai/'  a  tangent  at  the  point  A,  and  h  the  distance  SA  of  the  focus, 
and  also  of  the  directrix  from  A.  With  these  data  the  parabola 
to  represent  the  path  of  the  body  can  be  described. 

15.  Prop.  To  find  the  equation  to  the  path  of  a  projectile 
when  referred  to  axes  of  co-ordinates  which  are  horizontal  and 
vertical. 


Let  V  be  the  velocity  of 
projection  in  the  direction 
AT,  which  makes  with  Ax 
the  angle  of  elevation  of  the 
projectile  TAx  =  a.  Let  APB 
be  the  path,  and  AM  =  x, 
PM=y,  the  co-ordinates  of 
any  point  P.  Let  t  be  the 
time  in  which  the  body  de- 
scribes the  arc  AP;  and  let 
PM  produced  meet  AT  in  T,  we  have 

AT=^vt 
AM  =.x  =  vt  cos.  a 


TP=\gf 
PM=  y  =  vt  sin,  a  —  lgt^ 


Eliminating  t,  we  have  from  these  equations 

9_ 


y  =  x  tan.  a,—a?-^  „        „ 


the  equation  required;   or  substituting,   as  in   the  last  Prop., 

?/  =  a?  tan.  a— -j-^ ^r- 

•^  4Acos.^a 


7       ^ 

h=7T-i 
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Definitions.  The  horizontal  range  of  a  projectile  is  tlie 
distance  JB  from  the  point  of  projection  to  the  point  where  it 
strikes  the  horizontal  plane  in  its  descent.  The  time  of  flight  is 
the  time  it  takes  in  describing  APB, 

16.  Prop.  To  find  the  time  of  flight  of  a  projectile  on  a 
horizontal  plane. 

We  have  generally,  as  in  the  last  proposition, 
y  =  t;<sin.a  — J^/2 

and  if  we  put  y  =  0,  or  r^sin.a— i^f'=0,  the  result  will  apply 
to  the  points  A  and  B  only ;  and  the  values  of  t  are 

<  =  0  at  the  point  A 

.      2«?sin.a  •  *  u 

t  = at  the  point  B 

which  is  therefore  the  time  of  flight  required. 

We  should  have  arrived  at  this  result  by  the  same  method  as 
in  Article  13,  by  putting  for  u,  the  vertical  component  of  the 
velocity  of  projection,  vsin.a. 

17.  Prop.  Toflnd  the  range  of  a  projectile  on  a  horizontal 
plane, 

Tf  wc  put  y  =  0  in  the  equation, 

y  =.x  tan.  a  — 77-9—     «- 
^  2 1?^  COS.*  a 

we  have  0  =  .r  tan.  a  — a;-        '    


/Jc'-^cos.^flt 

The  result,  as  before,  applies  to  the  points  A  and  J5,  and 
X-  point  A 


X  = --^-—  at  the  point  B 

9 

._      f>*8in.2a 

or,  AB  = 

If 

=  2Asin.2a 


wliicli  is  the  horizonal  range  required. 

i'liis  value  of  AB  varies  with  the  angle  of  elevation  a,  and  is 
greatest  when  sin.2«  =  1,  or  a  =  45^  1?  remaining  the  same. 
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Since  sin.  (^.+  0)  =  sin.  C^— ^) 

or,  sin.  2  (45°+  5)  =  sin.  2(45°-,^) 


if  we  put  either  45°  +  -,  or  45° 

^B,  we  have  the  same  result; 
or,  as  in  the  annexed  figure, 
if  AB  be  the  greatest  range 
of  a  projectile  when  the  angle 
of  elevation  is  45°,  we  shall 
have  AB'y  a  less  horizontal 
range  corresponding  to  either 
of  the  paths  AP'B'y  ovAP'B, 
when  the  elevation  of  one  was  a 
as  much  above  45°  as  that  of 
the  other  was  below  it. 


for  a  in  the  equation  for 


We  see  that  the  horizontal  range  is  the  space  which  would 
be  described  with  the  uniform  horizontal  velocity  v  cos.  a,  in  the 

time  of  flight . 


18.  Prop.     To  find  the  greatest  height  which  a  projectile 
attains. 

The  greatest  altitude  is  evidently  the  value  of^  at  the  middle 
point  of  the  path  above  a  horizontal  plane,  or  when  the  time  is 

one-half  of  the  time  of  flight,  or  ^  =  '—, 


Putting  this  value  of  t  in  the  expression 
y  =  vt^\n.cx.  —  \gt^ 

we  have  the  greatest  altitude  = 


9  9 

v^sin.^a 


9 
=  Asin.^a 


W 


Comparing  this   expression  with  s  =-^  ,  we  see  that  the 
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greatest  altitude  the  projectile  attains  is  that  to  which  it  would 
rise  by  the  vertical  component  v  sin.  a  of  the  velocity  of  pro- 
jection. 

19.  Prop.  To  shew  that  the  velocity  at  each  point  of  the 
parabolic  path  of  a  projectile  is  that  which  would  be  acquired  in 
falling  directly  from  the  directrix. 

In  Article  14  it  was  shewn,  that  if  A  be  the  height  due  to  the 
velocity  of  projection,  it  is  also  the  distance  of  the  point  of  pro- 
jection from  the  directrix  of  the  parabola  described.  Now,  if 
any  point  in  the  parabola  were  taken  for  the  point  of  projection, 
and  a  body  were  projected  from  it  with  the  same  velocity  and 
direction  which  it  has  in  the  parabola,  it  would  describe  the 
same  parabola ;  and  therefore  what  holds  for  the  point  of  projec- 
tion holds  also  for  all  other  points  of  the  path. 

20.  Prop.  T'o  find  the  point  ichere  a  projectile  will  strike 
an  inclined  plane  through  the  point  of  projection  ^  and  its  distance, 

/•  the  range  on  the  inclined  plane. 

Let  y  =x tan.  13  be  the  equa-  * 
lion  of  the  line  AC,  which  is  the 
intersection  of  the  inclined  plane 
with  the  vertical  plane  in  which 
the  body  is  projected. 

Combining  this  with  the  equa- 
ion  of  the  path  of  the  projectile  ^ 
11  Article  15,  namely, 

y  =  xtan.a — jr 5— 

^  4  A  COS.*  « 

\  e  have  the  co-ordinates  of  the  point  C 

■e  =  4AC08.«.8in.(.-^) 

C08.p 


-»  /L  A  COS.  « .  sin,  ff .  sin,  {et-^ff) 

y  -  ^"^  i:^rp 

W+y^=i  X8i 
cos.  «.8in.(«— /9) 


C08.'/8 

and  the  distance  AC  =  ^/j?+y  =  x8ec./3 
=r4A 


C08.*/9 
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EXAMPLES  IN  PROJECTILES. 

Ex.  1.  Two  bodies  are  projected  from  the  top  of  a  tower 
with  the  same  given  velocity  at  different  given  angles  of  eleva- 
tion, and  they  strike  the  horizontal  plane  at  the  same  point. 
Required  the  height  of  the  tower  above  the  plane. 

Let  A  be  the  point  of  pro- 
jection, and  B  the  point  where 
the  bodies  strike  the  horizontal 
plane. 

Since  the  velocity  of  pro- 
jection is  given,  ^,  the  height 
from  which  the  bodies  must  fall  to  acquire  it,  is  known.     Let  a 
and  ^  be  the  given  angles  of  elevation. 

We  have  to  find  — ?/,  the  height  of  the  tower,  by  eliminating 
X  from  the  two  equations, 

— ?/  =  ictan.  a— jy(i  H-tan.^a) 
-  ?/ =  a^  tan.  ye-|^(H- tan.2/3) 

which  give  y=(t^„.„+t,„.^)  t,„.  (,  +  ^) 
the  height  required. 

Ex.  2.     Find  the  angle  of  elevation  at  which  a  body  must 
be  projected  with  a  given  velocity  in 
order  to  strike  the  summit  of  an  ob- 
ject whose  height  and  distance  are 
given. 


Let  A  be  the  point  from  which 
the  body  is  projected  to  strike  the    1 
point  jB,  whose  co-ordinates  are  x=a,  y  =  b. 


M     x 


Putting  these  values  in  the  equation  to  the  path  of  the  pro- 
jectile, we  find 


tan.  a 


_2h±  V^h{h-b)-d' 


I 


\ 
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Ex.  3.  Shew  tliat  the  iatus  rectum  of  the  parabolic  orbit 
equals  four  times  the  space  through  which  the  body  must  fall 
to  acquire  the  horizontal  component  of  the  velocity  of  projection. 

Ex.  4.  Shew  that  the  time  of  flight  on  an  inclined  plane  is 
given  by  the  expression 

4/isin.(a  — yS) 
V  cos.  fi 

Ex.  5.  A  body  is  projected  with  a  velocity  due  to  the 
height  A,  at  an  elevation  a;  shew  that  it  ranges  on  a  horizontal 
plane  elevated  a  height  H  above  the  point  of  projection  to  a 
horizontal  distance  from  that  point 

V  /isni.-aj 

and  that  the  time  of  flight  is 


CHAPTER  V. 


ON  CONSTRAINED  MOTION 


When  a  body  acted  on  by  any  force  is  constrained  to  move  in 
some  particular  manner,  as,  for  instance,  when  a  body  falls  down 
an  inclined  plane,  or  a  curve,  or  swings  as  a  pendulum,  we  call 
it  a  case  of  constrained  motion. 


21,  Prop.  To  determine  the  relations  of  the  time,  space,  and 
velocity  ivhen  a  body  falls  by  the  action  of  gravity  down  an  in- 
clined plane. 


Let  the  body  fall  from  the  point 
B,  down  the  inclined  plane  AB, 
whose  inclination  to  the  horizontal 
line  AC  is  a. 


Let  a  be  its  position  at  any  time 
t  from  rest,  Ba=s,  2?= velocity  at  a. 


The  force  /  which  urges  the  body  down  the  plane  is  the 
resolved  part  of  gravity  in  that  direction,  or 

f=y  sin.  a. 

which  being  a  uniform  force,  we  have  only  to  put  the  value  in 
the  expressions  found  in  Articles  9  and  10,  for  the  required  re- 
lations of  s,  t,  and  v. 

The  expressions  v  =ft,  s  =  Iff^,  v^  =  2fs,  become  respectively 
v=gsm,a,t,  s  =  lg  sin.  u,f,  v^=2gsin.  a  .s,  from  which  the 
whole  circumstances  of  the  motion  can  be  determined. 

22.  Prop.  To  shew  that  the  velocity  acl^uired  in  falling  down 
an  inclined  plane  is  the  same  as  would  be  acquired  in  falling 
down  the  perpendicular  height  directly. 
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When  the  body  arrives  at  A,  the  space  described  is  AB ; 
putting  this  value  for  s  in  the  expression  t?-  =  2^  sin.  a.5,  we 
have 

x^=^gABsm,oL 

=  OgBC 

the  expression  when  the  body  falls  directly  through  the  height 
BC  of  the  plane. 

23.  Prop.  To  shew  that  the  times  down  any  inclined  planes 
are  proportional  to  the  lengths  of  the  planes,  when  the  height  is 
the  same, 

BC 

Putting^-j^J?  for   5,    and   -j^r  for   sin.  a  in   the    expression 

5  =  i^rsin.  a  .  f',  we  have 

oc  AB  when  -BC  is  constant. 


24.  Prop.     To  find  the  relations  of  the  time,  space,  and  velo-  ..      ^ 
city  when  a  body  is  projected  directly  up  or  down  an  inclined    ^^^ 
plane. 

Putting  for/ its  value  <7  sin.  a,  on  an  inclined  plane,  in  the 
expressions  of  Articles  11,  12,  and  13,  we  have 

v  =  u  ±ft     becoming  on  the  inclined  plane    » = w  ±g  t  sin.  a 

s  =  ut±iff^ s=ut±yt^sm,a 

v'  =  u^±2fs v'  =  u^±2gs sin,  01 

25.  Prop.  To  shew  that  the  times  of 
a  body  falling  down  all  the  chords  of  a 
circle,  in  a  vertical  plane,  drawn  from  the 
highest  or  to  the  lowest  point,  are  tJie  same. 

Let  AD  be  the  vertical  diameter  of  the 
circle,  AB  a  chord  down  which  a  body  falls 
by  the  action  of  gravity.  Draw  7>r  hori- 
zontal. The  accelerating  force  acting  on 
the  body  is 
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AC 


f=9 


AB 


Putting  s=iAB\\\  the  expression  s  —  \ff,  we  have 

,2    2  AB'  \ 
^^'  ''=-g  -AC 

=~AD since  AC  :  AB  : :  AB  :  AD 

9 

in  a  circle  ;  or  the  time  down  any  chord  is  the   same  as  that 

down  the  diameter.     The  same  relation  evidently  holds  also  for 

all  chords  drawn  from  the  circle  to  the  point  D,  as,  for  instance, 

DE  or  BD, 


26,  Prop.     Two  bodies  hang  from  the  extremities  of  a  cord 
passing  over  a  pulley ;  to  determine  the  motion. 

We  shall  first  suppose  that  the  weight  of  the  pulley      /^~^ 
may  be  neglected. 

Let  P  and  Q  be  the  weights  of  the  bodies,  of  which 

P  is  the  greatest ;  their  masses  are  —  and  —  respec-  \y 

tively.    If  the  weights  are  equal,  the  bodies  will  balance, 

and  no  motion  will  ensue  ;  but  if  one  is  heavier  than  the  @ 

other,  it  will  descend  and  the  other  rise  through  an  equal 

space.     The  force  which  produces  motion  is  the  difference  of 

the  weights,  which,  being  a  moving  force,  equals  the  accelerating 

force  multiplied  by  the  mass  moved. 

Let /be  the  accelerating  force,  we  have 

.        P-Q 

This  being  a  constant  accelerating  force,  we  shall  have  the 
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circumstances   of  the  motion  by  substituting  its  value  in  the 
expressions  r=//,  s  =  ^f^,  tr  =  2f8. 

When  we  take  into  account  the  inertia  of  the  pulley,  we 
must  add  the  equivalent  mass  acting  at  the  cord  to  the  other 
masses  set  in  motion.  Let  /  be  this  inertia  or  mass  at  the  cord  ; 
we  have 

f-         ^-^ 

This  is  the  formala  for  Atwood's  machine,  referred  to  in  the 
Article  on  the  third  law  of  motion.  The  force  being  uniform, 
and  capable  of  being  modified  in  any  minner  by  changing  the 
relative  and  absolute  magnitudes  of  the  weights,  we  are  enabled 
by  this  machine  to  prove,  in  the  most  satisfactory  way,  by  ex- 
periment, the  formula?  for  constant  forces. 

27.  Prop.  When  a  body  falls  hy  the  action  of  gravity  down 
any  arc  of  a  smooth  curve,  the  velocity  at  any  point  is  that  due  to 
the  vertical  height  fallen  through. 

Let  us  first  suppose  that  a  body  falls  from 
A  down  a  succession  of  smooth  inclined  planes 
AB,  BC,  CD,  DE,  &c.,  and  loses  no  part 
of  its  acquired  velocity  in  passing  from  one 
plane  to  the  next.  Draw  Abcde,  a  vertical 
line,  and  Bh,  Cc,  Dd,  Ee,  &c.,  horizontal 
lines. 


By  Article  22,  the  body  will  have  at  B  the  same  velocity  as 
it  would  have  acquired  in  falling  directly  through  the  vertical 
height  Ab ;  and  when  it  has  passed  without  loss  of  velocity  to 
the  plane  BC,  it  will  have  at  B  and  all  other  points  the  velocity 
due  to  the  vertical  height  fallen  through.  The  same  takes  place 
on  each  of  the  other  planes,  and  the  velocities  at  the  points 
C,  D,  E,  &c.  are  those  due  to  the  vertical  heights  Ac,  Ad,  Ae, 
&c.  respectively.  When  the  number  of  planes  is  indefinitely 
increased,  and  the  length  of  each  indefinitely  diminished,  they 
form  a  continuous  curve,  which,  when  smooth,  acts  only  perpen- 
dicular to  the  arc  at  each  point,  and  therefore  destroys  by  its 
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reaction  no  part  of  the  acquired  velocity  as  the  body  passes 
from  one  point  to  another.  Hence  the  velocity  at  all  points  of 
the  curve  is  that  due  to  the  vertical  height  fallen  through. 

If  a  body  be  projected  up  or  down  a  curve,  the  formulae  of 
Article  12  hold  good;  if  we  put  w=  velocity  of  projection,  v  = 
velocity  after  the  body  has  passed  through  a  vertical  height  h, 
we  have 

v'^  =  u^±2gh 

The  upper  sign  to  be  taken  when  the  body  is  projected  down, 
and  the  lower  one  when  it  is  projected  up  the  curve. 

28.  Prop.  When  bodies  fall  by  the  action  of  gravity  doivn 
any  arcs  of  a  circle  in  a  vertical  plane,  the  velocities  at  the 
loivest  point  are  'proportional  to  the  lengths  of  the  chords  of  the 
arcs. 

Let  a  body  fall  from  the  point  B  in  the  figure  Article  25, 
down  the  arc  BD ;  the  velocity  at  D  is  that  due  to  the  vertical 
height  fallen  through,  CD. 

or,\eV=2gCI> 

or,vel=Bn\/^ 

ocBD 

When  the  arcs  are  small,  the  velocities  are  nearly  propor- 
tional to  the  lengths  of  the  arcs. 

1/ 

29.  Prop.  To  find  the  time  of  a  body  falling  down  a  cy~ 
cloidal  arc  in  a  vertical  plane  with  its  base  horizontal. 

The  cycloid  is  a  curve  CAD 
described  by  a  point  in  the  cir- 
cumference of  a  circle,  whilst  p 
the  circle  rolls  along  the  line 
CBD,  called  the  base  of  the 
cycloid.     The  line  AB,  which 


P[ 

~^ 

/ 

\ 

W\        / 

''\^ 

v< 

/" 

\ 

3*-^° 
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bisects  the  base  CD  perpendicularly,  is  called  the  axis  of  the 
cycloid,  and  is  the  diameter  of  the  rolling  circle  when  the  point 
describing  the  cycloid  comes  to  its  central  position  A,  which  is 
called  the  vertex  of  the  cycloid. 

If  a  line  PpP^  be  drawn  parallel  to  the  base  CD,  and  Ap  be 
the  chord  of  the  circle  in  its  central  position ;  it  is  shewn  in 
mathematical  treatises,  that  the  arcs  AP  or  AP'  are  equal  to 
twice  the  chord  Ap,  and  the  tangent  at  P'  is  parallel  to  the 
chord  Ap, 

Let  the  body  fall  from  the  point  L  to  any  point  P ;  and  take 
Q  a  point  near  P,  Draw  the  lines  LK,  PM,  QN  parallel  to 
the  base  of  the  cycloid,  meeting;  the  axis  in  K,  M,  N  respec- 
tively. Describe  the  semicircle  AnmK  on  AK,  cutting  PMm 
VI,  QN  in  n ;  and  draw  the  chords  Am,  An,  Km,  Kn,  Let  o  be 
the  intersection  of  Kn  and  Am, 


The  velocity  at  the  point  P  =  \^2g  .  KM,  and  if  the  arc  PQ 

be  indefinitely  small,  the  velocity  will  be  constant  in  it.     Hence 

,  ■    .         ^  ,        .,  .       7>^        space        arc  AP— arc  AQ 

the  time  of  descnbmg  PQ  =  — f — ; —  = .       .,    ^  —  • 

^  velocity  V2gKM 

_2x  chord  of  circle  ApB  correspg  to  P— 2  x  chord  correspg  to  Q 
~  VWgKM 

_2\^ABTAM-2  \^AB.AN 
'/2gKM 

VUAB(      /AM_     /4^\ 
~Y~Y\KM  Wkm) 

/2AB(     /AM.AK  _     /AN.AK\ 

~ V  "7"  I V -ZXTJOi  W  ak.km) 

VIaB  (Am      An\ 
g      \'Km     Km] 

f^AB  f  wo  1  [since  ultimately  no  becomes  a  cir- 

~  'Y   "  g      1  A'»^  J  *      '  (     cular  arc  to  center  A, 

=  a/ X  angle  mKo 
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The  same  holds  for  all  other  points  between  L  and  A;  and 
the  whole  time  of  fallin"?  from  L  to  J 


-V 


UAJJ 


9 
TAB 


-  X  sum  of  all  "the  small  angles,  as  mKn,  in  the 


right  angle  LKA 


IT      fZA 


The  body  acquires  in  falling  to  A  a,  velocity  which  will  carry 
it  through  an  equal  arc  on  the  opposite  side  of  A,  which  it  will 
describe  in  the  same  time ;  or  if  the  time  of  the  complete  oscil- 
lation from  L  to  an  equal  height  on  the  opposite  side  of  A  be  t, 
we  have 

/2AB    ' 


t 


30,  It  is  shewn  in  ma- 
thematical treatises,  that  if 
two  half  cycloids,  CO,  DO, 
equal  to  AD  or  AC,  be  con- 
structed witli  their  axes  ver- 
tical, so  that  AB  0  is  a  straight 
line,  and  BO  =  AB,  then  the 
curve  COD  is  the  e volute  of 
the  cycloid  CAD;  or  a  curve 
such  that  a  string  of  the 
length  AO  being  fastened  at 

O  and  wrapping  on  the  arcs  CO  or  DO,  the  extremity  P  of  the 
string,  when  drawn  tight,  will  be  always  in  the  cycloid  CAD, 
the  length  of  the  arc  Oq  +  qP  being  always  equal  to  OA, 

If  a  body  be  suspended  at  P  upon  a  cord  fastened  at  O, 
wrapping  and  unwrapping  on  the  arcs  CO,  OD,  it  will  thus 
oscillate  in  a  cycloidal  arc. 

Let  I  =  the  length  of  the  cord  OA,  the  time  of  a  complete 
oscillation  is 


t  =  7r 


V} 


This  is  independent  of  the  length  of  the  arc  of  the  C3^cloid 
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described,  and  is  consequently  the  same  for  all  arcs.  For  this 
reason  the  cjcloidal  pendulum  is  called  isochronous^  and  from 
this  property  arises  the  importance  of  the  pendulum  in  instru- 
ments for  measuring  time ;  for  small  arcs  near  A  the  cord  will 
not  sensibly  wrap  upon  the  arcs  of  the  evolute,  and  so  a  pen- 
dulum oscillating  in  small  circular  arcs  has  the  property  of  iso- 
chronism.  The  clocks  in  astronomical  observatories  have  their 
pendulums  oscillating  in  very  small  arcs,  which  requires  the 
mechanism  of  the  clockwork  to  be  very  accurate,  or  the  clock 
would  be  liable  to  stop  going. 

We  learn  from  the  expression  (  =  t^a  / — ,  that  at  the 

place  on  the   earth's   surface,  or  when  g  is  constant,  toe  ^ I; 
and  at  different  points  of  the  earth's  surface  if  /  is  invariable, 
1 


same 


^oc 


Vt 


31.  Prop.  A  body  at  the  extremity  of  an  elastic  cord,  sup- 
posed without  weighty  describes  a  circle^  with  a  uniform  velocity ^ 
about  a  fixed  point  in  the  cord,  as  center;  to  find  the  tension  in 
the  cord. 

Let  PQAB  be  the  circle  in  which  the  body  moves,  ot  wiiich 
C  is  the  center. 

If  the  body  were  suddenly  freed  from  constraint  at  any  point 
Py  it  would,  by  the  first  law  of  motion,         r  p 

continue  moving  in  the  direction  it  had 
at  P,  and  with  its  uniform  velocity,  or 
it  would  then  move  in  the  tangent  PR^ 
with  that  velocity.  The  effect  of  the 
tension  in  the  cord  is  therefore  to  deflect^ 
the  body  from  the  tangent  at  each  point 
in  the  circle,  and  is  called  a  centripetal 
force.  The  tendency  of  the  body  to  fly 
off  by  its  inertia  produces  the  force 
which  balances  this  centripetal  force,  and  is  thence  called  the 
centrifugal  force. 


It    PQ  h 


•  •^'     described 


iii    .III    i 


idefinitely  small  time  /, 
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and  PR  the  space  which  would  have  been  described  in  the  tan- 
gent, if  the  body  were  free^  in  the  same  time ;  then  R  and  Q 
being  supposed  indefinitely  near  to  P ;  RQ,  by  the  second  law  of 
motion,  becomes  the  space  due  to  the  action  of  the  centripetal 
force.  ('V. 

y 
Let  PC  A  be  a  diameter  of  the  circle,  v  the  uniform  velocity 

of  the  body. 

Let/=  the  centripetal  accelerating  force  acting  on  the  body  ; 
we  have  ultimately 

RQ=Pm 

and  PR  =  vt; 


But  in  the  circle. 

Qm^=^PmxmA 

or,  rm'=- — 7 
mA 

PR? 

or,  if  r  =  the  radius  of  circle. 

/-? 

If  m  be  the  mass 

;  of  the  body  at  P,  the  centrifugal 

moving 

force  =  mf 

r 

=  the  tension  in 

the  cord. 

32.  Definition.  A  body  suspended  by  a  cord  which  per- 
forms revolutions  in  a  horizontal  circle  is  called  the  conical 
pendulum, 

33.  Prop.     To  determine  the  motion  of  a  body  in  the  conical 
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Let  the  body  be  fixed  at  the  ex- 
lity  P  of  the  cord  AP  which  is 
jned  at  A, 

TiCtAC  be  a  vertical  line,  PC=r 
radius  of  the  circle  which  the 
iy  describes  with  the  {iniforin  ve- 
ity  V. 

Let  /  =  the  length  of  the  cord 
|P,  and  angle  P^C= a. 

Since  the  body  is  in  the  same 
rcumstances  at  each  point  of  the 
cle,  the  forces  acting  upon  it  must  balance  each  other.     These 
'^es  are,  the  weight  of  the  body  acting  downwards,  the  centri- 
gal  pressure  acting   horizontally  outwards  from   C,  and  the 
nsion  in  the  cord  AP, 
Resolving  horizontally  and  vertically,  we  have 

^sin.a =  0 


tcos.cx.  —  mg  =  0 
From  (2)  we  have  the  tension  in  the  cord  t 

<;os.a 
_  the  weight  of  the  body 
COS.  a 
Eliminating  t  between  (1)  and  (2),  we  have 
^a_^rsin.a 


(1) 
(2) 


COS.  a 


=9l 


sm.*  oL 


COS.  a 

The  time  of  performing  one  revolution 
_  circumference 
"     velocity 
U-rrr 


=  27ry<^ 


COS.  a 


=  J^7r 


v4 
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which  depends  on  the  vertical  height  ACy  but  not  on  the  lengtli 
of  the  cord. 

34.  Prop.  It  is  required  to  find  the  position  of  the  rails  in 
the  curve  of  a  railway ^  so  that  the  resultant  pressure  of  a  car 
riaqe  passing  along  the  curve  with  a  given  velocity  may  he  'per 
pendicular  to  the  line  draiun  from  one  rail  to  the  other. 


V 


•  Let  APB  represent  in  figure  1  the 
curve  in  the  railway,  and  let  the  radius 
of  the  curve  at  Pbe  PC—r.  Let  v  = 
the  velocity  of  the  carriage.  If  the 
reaction  of  the  r.ails  perpendicular  to 
the  line  joining  them  as  ah,  figure  2, 
suj)plies  the  place  of  the  tension  in 
the  cord  in  the  last  proposition,  the 
carriage  will  pass  smoothly  and  safely 
along  the  curve;  for  we  shall  then 
have  the  weight  of  the  carriage  acting 
at  G,  the  center  of  gravity,  figure  2,  and  the  centrifugal  pressure 
acting  horizontally  outwards  giving  a  resultant  pressure  perpen- 
dicular to  the  rails  which  will  be  destroyed  by  their  reaction. 

If  a  be  the  angle  which  the  resultant  pressure  in  Gp  makes 
with  a  vertical  line  =  angle  which  ah  makes  with  a  horizont 
line,  we  have,  from  the  last  proposition, 

v'^—gr  tan.  a 

or,  tan.  a  =  — 
gr 

which  gives  the  inclination  of  the  line  a  6  to  the  horizon  as  r< 
quired. 


Examples  on  chapter  v. 

Ex.  L  Two  balls  fall  at  the  same  instant  from  the  commoiit 
vertex  down  two  inclined  planes  which  meet  the  horizontal 
plane  on  which  they  rest  at  angles  of  30°  and  60°;  shew  tba. 
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the  times  of  falling  to  the  horizontal  plane  are  in   the  ratio 
V3:  1. 

Ex.  2.  To  divide  the  length  of  a  given  inclined  plane  into 
three  parts,  so  that  the  times  of  descent  down  them  may  be 
equal. 

If  the  length  of  the  plane  be  divided  into  nine  equal  parts, 
the  body  will  descend  down  one  in  the  first  interval  of  time, 
down  four  in  two  intervals,  and  down  the  whole  nine  in  the 
three  equal  intervals. 

Ex.  3.  P  descending  vertically  draws  Q  up  an  inclined 
plane  by  means  of  a  string  passing  over  a  pulley  at  the  vertex; 
find  the  velocity  acquired  by  P  in  describing  a  given  space  h. 

Let  P  and  Q  be  the  weights  of  the  bodies  respectively,  a  the 
inclination  of  the  plane  to  the  horizon,  h  the  space  which  P 
describes. 

the  moving  force  =  P—  Q  sin.  a 

p_j_  Q 

the  mass  moved  neglecting  the  pujley  = 

y 

.'.  the  accelerating  force  =  g  * — p     ^  ' 
and  from  the  general  formula  v-^  =  2/8  we  find 


,         ,     .  .     T  /r.    I  P^  Q  sin.  a 

the  velocity  required  =a/  ^^/* — Tu-Q — 

Ex.  4.  Twelve  pounds  weight  is  so  distributed  at  the  ex- 
tremities of  a  cord  passing  over  a  pulley,  that  the  more  loaded 
end  descends  through  seven  feet  in  seven  seconds.  What  is  the 
weight  at  each  end  of  the  cord  ? 

WefindP  =  6(l+yj^),  and  Q  =  6(l-y^)  pounds. 


Ex.  5.     If  three  pendulums  suspended  in  the  same  vertical 
plane  have  their  lengths  as  the  numbers  1,  1,  and  9;  shew  that 

M 
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when  they  commence  oscillating  together,  the  first  and  second 
will  be  together  again  after  four  oscillations  of  the  first;  the 
first  and  third  will  be  together  again  after  three  oscillations  of 
the  first ;  and  the  whole  will  be  together  again  after  twelve  oscil- 
lations of  the  first. 

Ex.  6.  The  length  of  the  pendulum  which  beats  seconds  in 
London  being  39*138  inches,  shew  that  the  force  of  gravity  is 
represented  by  32*19  feet  nearly. 

Ex.  7.  If  a  body  be  projected  obliquely  upon  an  inclined 
plane,  shew  that  its  path  is  an  arc  of  a  parabola. 


THE  END. 


!»> 


X 


V 

LONDON  : 

PKINTES  BT  RORSOK,  LEVKr.^ND  FRANKLYN, 

Great  Ntw  Street,  Fetter  Laiii 


